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Abstract. Chiral orbifold models are defined as gauge field theories with a finite 
gauge group V. We start with a conformal current algebra 21 associated with a 
connected compact Lie group G and a negative definite integral invariant bilinear 
form on its Lie algebra. Any finite group V of inner automorphisms or 21 (in 
particular, any finite subgroup of G) gives rise to a gauge theory with a chiral 
subalgebra 2l r C 21 of local observables invariant under V. A set of positive energy 
2l r modules is constructed whose characters span, under some assumptions on 
r, a finite dimensional unitary representation of SL(2, Z). We compute their 
asymptotic dimensions (thus singling out the nontrivial orbifold modules) and 
find explicit formulae for the modular transformations and hence, for the fusion 
rules. 

As an application we construct a family of rational conformal field theory 
(RCFT) extensions of Wi+oo that appear to provide a bridge between two ap- 
proaches to the quantum Hall effect. 
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0. Introduction 



Given a chiral conformal field theory (CFT) — i.e., a chiral algebra 21 and 
a family of positive energy 2l-modules (closed under "fusion" ) — there are two 
ways of constructing other CFT with the same stress-energy tensor T(z) and 
associated central charge c. First, one can, in some cases, extend 21 by adjoining 
to it local primary fields. The stress energy tensor generates an RCFT for the 
minimal models [BPZ] corresponding to central charge c < I . For c > 1 one 
needs in addition a chiral current algebra or a VF-algebra to construct an RCFT 
(for special rational values of c). All RCFT extensions of the (c = f)u(f)- 
current algebra have been classified in [BMT]; all local extensions of the su(2) 
current algebras have been described in [MST]. The second path goes in the 
opposite direction: one restricts 21 to a distinguished subalgebra of "observables" 
including T(z); we shall be concerned here with the case in which the subalgebra 
2l r consists of all elements of 21 invariant under a finite automorphism group 
T. The resulting CFT is called a T- orbifold. Examples of orbifolds (first in the 
context of a "Gaussian model" [G] [H]) have been studied in detail in [DV 3 ] where 
some general properties of arbitrary orbifold models have also been pointed out. 
Non unitary models of c = 1 have been considered in [F] . 

The present paper provides a systematic approach to orbifold RCFT. Our 
starting point is a chiral algebra 21 = 21(G) associated with a connected compact 
Lie group G whose Lie algebra q is equipped with a negative definite integral 
invariant bilinear form. It appears as a tensor product of a lattice chiral alge- 
bra 2l(L) and (chiral) affine Kac-Moody algebras (corresponding to the simple 
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components g- 5 of g): 

(0.1) 21(G) = B(L) ® (®J =1 a fcj .( J ')) 

where fcj(e Z + ) is the level of the vacuum g- 7 - module. The lattice L consists 
of all vectors w in the direct sum g° of w(l)-components of the centre of g such 
that e 2 ' K ' lu = 1 . To each u> of length square 2 we can associate a "charge shift" 
operator E u providing a non-abclian extension of the Lie algebra g°. Let G c 
be the corresponding maximal compact group extension of G. Its significance 
stems from the fact that each finite order inner automorphism of 21(G) is given 
by (the adjoint action of) an element of G c . 

An orbifold chiral algebra is the fixed point set 2l r of a finite group of auto- 
morphisms r of a chiral algebra 21. For any "non-exceptional" finite subgroup 
r C G c we construct a finite family of 2l r -modules V, which is complete in the 
sense that their characters transform among themselves under the modular group 
SL(2, Z). Each V is labeled by a weight A (characterizing an 2l(G)-module), a 
conjugacy class 6 C F, and an irreducible representation a — u b of the central- 
izer Lb of an element b G 6 in F. It involves a choice of "phases" 0(b) € g, for 
non-exceptional conjugacy classes, satisfying the following two conditions: 

(0.2) (i) b = e 2 ^W , (ii) 0(gbg- 1 ) = Ad g 0(b) for b e 6, 5 € T . 

Condition (ii) implies that the centralizer of 6 should stabilize /?. Two /3's sat- 
isfying (0.2) differ by a co root m which is also stabilized by Tf,- Any such m 
gives rise to a 1-dimensional representation a m of Tf,. The change /3 — > /3 + m 
can be compensated by a change in the representation a: 

(o-3) v A m = vf r « . • 

Thus the family of 2l r -modules is independent of the choice of (allowing us to 
skip the superscript on V). 

Knowing the character xa of an 2l(G)-module Va [Kl] we are able to calcu- 
late the 2t r - characters \k la of Va j, a - Similarly, the modular transformation 
properties of xa [KP2] determine those of Xa,6.<t an d hence the orbifold fusion 
rules. We point out that the group factors of fusion coefficients A^ i(7i i 2r72 j 3CT3 
(<ii G Tbi ) of an affine orbifold differ from those of the associated Grothcndicck 
ring (see [Lus] as well as the discussion in Sect. 4 of [DV 3 ]) due to multipliers 
li(h\Y,0i) which define (for 616263 = 1) 1-dimensional representations of the in- 
tersection nTb 2 (3 h). This difference shows up already for (finite) subgroups 
of SU(2). For higher rank G it may yield a change of charge conjugation, as dis- 
played in the examples of a 1080 element subgroup of SU(3) which admits a 
conjugacy class of involutivc elements with a non-abelian centralizer. 

We compute (in Sect. 4A) the asymptotic dimensions of orbifold characters 
singling out, in particular, the non-trivial orbifold modules. 

If G is a simple simply-connected Lie group then the non-trivial elements of 



(0.4) 



z = z{G) nr , 
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where Z(G) is the center of G, are exceptional — they cannot be written in the 
form (0.2) (with (3 satisfying (ii)). Each element of Z (different from the group 
unit) is associated with a fundamental weight Aj satisfying (Aj\0) — 1 where 
9 is the highest root. We associate with it (in Sect. 4) a permutation of the 
orbifold modules which maps, in particular, the (afhne) vacuum weight Ao into 
Aj and thus cannot be viewed as an automorphism ( "gauge transformation" ) of 
the (vacuum) chiral algebra. Knowing the action of e 27 ™ A i on {V^} we can 
extend our treatment to all exceptional elements of a T C SU(n). The treatment 
of Ad-exceptional elements (described in Appendix A), which are encountered 
in other simple Lie groups, remains however, outside the scope of the present 
paper. 

Note an essential difference between coset models and orbifold models. For 
the construction of a modular invariant family of characters of coset modules it 
suffices to take characters of isotypic components of all (untwisted) modules of 
the chiral current algebra with respect to its chiral current subalgebra [KPO], 
[KP2], [KW], [Kl]. In a sharp contrast, for an orbifold model one has to take 
in addition decompositions into isotypic components of twisted chiral current 
algebra modules which become untwisted when restricted to the orbifold chiral 
subalgebra. 

As an application we construct a family of RCFT extensions of Wi +QO -one 
for each value l(G N) of the central charge and for each finite subgroup T of U(l). 
It is designed to provide a bridge between two current attempts to understand 
the fractional quantum Hall effect in terms of chiral conformal algebras (see [FT] 
and [CTZ]). 

1. Chiral algebras associated with connected compact Lie groups 

We shall first recall the general notion of a chiral algebra and will then intro- 
duce a class of such algebras which appear to be of paramount importance in 
the study of RCFT. 

1A. Definition of a chiral algebra. Current algebras. 

The mathematical concept of a vertex or chiral algebra was introduced by R. 
Borchcrds [Bor] and later developed by a number of authors (see, e.g. [FLM], 
[Go], [DGM], [FZ], [LZ], [FKRW], [KR2]). The version adopted here is a spe- 
cialization of [K2] to Z-graded algebras (restricting from the outset attention to 
fields of a given conformal dimension). 

Let V be a Z+- graded inner product space with a unique vacuum state, 

(1.1) V = ®^ =0 V {n) , dim^ (0) = 1, dimV {n) < oo ; 

the gradation defines (and can be, conversely, defined by) a distinguished her- 
mitian operator L called the (chiral) energy operator such that 

(1.2) (L - n)V in) = . 

The unique (up to a phase factor) vector |0) € V^> normalized by (0|0) = 1 is 
called the vacuum. A chiral field of dimension s is a power series 

(1.3) y-W(^)-^r„z-"- s , seZ+ 

nei 
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with Y n (= Yn ) € EndV satisfying the commutation relations (CR) 




(1.5) Y n \v m ) = 0fovv m e , n > m . 

Equation (1.5) expresses the postulate that the vacuum is the lowest energy state 
in V . In physical terms V is the vacuum space of finite energy states. 

A chiral (vertex) algebra structure on V is a linear map, called the state- field 
correspondence, from to the space of fields of dimension s: 3 v s — > 

Y(v s ,z) = J2 n Y n (v s )z~ n ~ s , defined for all seZ + and satisfying the following 
three axioms: 

VI. Vacuum axioms: the vacuum vector corresponds to the identity operator 
in V 

(1.6) Y(\0),z) = l v ; 

the field Y(v s ,z) allows to recuperate the vector v s : 
(1.7) 

lim Y(v„z)\0) = v s , i.e.y_ a («„)|0> = v s and F„_ s (w s )|0) = for n > . 

V2. The translation operator L_\ : V — > V defined by £_i« s = F_ s _i(v s )|0) 
satisfies the translation covariance condition: 

(1.8) [L_ l5 y( Us ^)] = ^F(^,0). 
V3. The chiral fields are local: 

(1.9) (z - u/) n [K(v 8) «),r(«,/,«;)] = for n > s + s' . 

Note that the inner product is not logically necessary in this generality. It is, 
however, present in all CFT (being indefinite for non-unitary theories) and gives 
rise to a distinguished (anti-involutive) star operation ([DGM]). 

We shall be concerned with (orbifolds of) chiral current algebras described 
below. Let G be a compact Lie group of the form G = G° x G 1 x • • • x G s where 
G° = U(l) r i and G 3 ,j = 1, . . . ,s, are simple simply-connected groups. (Every 
compact Lie group can be viewed as a product of the above form factored by a 
finite central subgroup). Let q 1 denote the Lie algebra of G 3 {j — 0, . . . , s) and 
let L = {lo e q°\ exp 27riw = 1}. We assume that g is equipped with a symmetric 
integral negative definite invariant bilinear form. A bilinear form on g is called 
integral if the length square of any a G i$ J (j = 1, . . . , s) such that exp 2niLu = 1 
(resp. of any lo <G L) is an even integer (respectively an integer). When restricted 
to a simple g 3 , the integrality property means that the bilinear form is equal to 
kj(v\v'), where kj € N will be identified with the level of the affine Kac-Moody 
algebra g 3 and 

( v \ v> ) = -~v-tr g j(ad v ad v i) 

(gj is the dual Coxeter number of g 3 ; recall that with such a normalization 
(a | a) =2 for long roots a). 

In what follows we let also ko = 1. 



6 



Remark 1.1. Admitting lattice vectors a with odd square lengths requires, as 
it will become clear shortly, extending the Z + gradation of the vacuum space 
(1.1) to a \"L+ gradation. In physical terms it amounts to admitting locally 
anti-commuting (Fermi) fields of half-integer conformal dimensions in the chiral 
algebra. Such fields do not describe local observablcs (in the strict sense of the 
word) and could alternatively be incorporated in the positive energy represen- 
tations of a chiral Bose algebra corresponding to an even integral lattice. A way 
to get rid of Fermi fields is to go to a double cover of the group G, which makes 
the lattice L even. 

Given the above data one can construct a chiral algebra 

(1.10) 21(G) = 2l(L) ® (®* =1 2l fcj (g j )) , 

called an affine (or current) chiral algebra as follows. 

For each Q J (j = 0, 1, . . . ,s) consider its affinization [Kl]: 

g j = C[t,t _1 ] ® mQ j +CKj . 

It is a Z-graded algebra, the energy operator Lq acting on it as — t^j. 

Let Vo(2j,kj) denote the unique irreducible q 3 -module which admits a non- 
zero vector |0) such that (C[t] <8>£p')|0) — and Kj\0) = kj\0). Given an element 
v G g 3 and neZwe let v n denote the operator on Vo(g J ,kj) corresponding to 
t n <g) v. Let v{z) = Y^nfzzVnZ" 71 ^ 1 be the current corresponding to v. 

Then the chiral algebra structure 21^ (g 3 ) on the vacuum space Vo(g 3 , kj) is 
defined for each j = 1, . . . , s by the following state-field correspondence: 

YivU.-x • • ■ ^ n -i|0) j; z) =: d^v\z) . . . d i "v n (z) : /h\ ...*„! 

(with appropriately defined normal products, [K2]). 
The vacuum space V is given by 

(1.11) F = F(L)®<^ =1 W,%) • 

In the next section we describe the first factor in (1.11) and the corresponding 
chiral algebra structure 2l(L) (cf. [K2], Sect. 5.4). 

IB. Lattice vertex algebras. 

Let C e [L] be the twisted group algebra of the lattice L with basis e u (u> e L) 
and multiplication rules 

(1.12) e w e"' = e(w,w')e" W , e L , 
where e{wi,uJ2) is a ±l-valucd cocycle: 



(1.13a) 
(1.13b) 



e(w,0) = e(0,w) = 1 , 
s(u, Lu')e(cj + J, lu") = e(u, J + u")s(u', u>") 



(Equation (1.13a) means that e° = 1 and equation (1.13b) is equivalent to 
associativity.) 

Let 5 = Vo(fl°,l). This is the symmetric algebra over the positive energy 
subspace 

(1.14) s 0(+) = e„< ctV . 

(Here and below we omit the tensor product sign between t n and q). The space 
V(L) is then defined as the tensor product 

(1.15) V(L) = S®C £ [L] . 

It is an infinite direct sum (over the lattice) of irreducible positive energy g° 
modules with k = 1: 

(1.16) V{L)^@^ L S®e^ . 

The corresponding ground state vectors are 1 <g> e"; in particular, the V(L) 
vacuum is |0) = 1 ® 1. The chiral subalgebra 21(5 ® 1) is generated by currents. 
The ground state vector |w) = 1 <g> e w of each term in (1.16) is characterized by 
being an eigenvector of = ® n >oCt n Q°: 

(1.17) {v - {v\lj))\lj) = = v n \uj),n -1,2,... 

To display the full chiral algebra 2l(L) it remains to recall the Frenkel-Kac con- 
struction for the charged fields [FK] : 

(1.18) Y(e", z) = f?> e <p+{**>) ?* e <p-(**>) 
where 

00 z ±n 

(1.19) <P±(z,u) = • 

n=l " 

y(e", z) is a primary field with respect to the current subalgebra 21(5 ® 1): 

(1.20) [«(*), F(e w , to)] = (v\uj)S(z - w)Y(e u ,w) . 

Let p(ui) £ Z/2Z denote the parity of (w\w),u £ L. The fields Y{e UJ ,z) and 
F(e w , z) are local if and only if 

(1.21) e(w,w') = (-lf^^+H"')^'^) . 

The state-field correspondence for the chiral algebra 2l(L) is defined by 

(1.22) F^n-i . . . ® e w , z) =: cfV(z) . . . c^"(z)F(e", z) : /;,!...;„! . 
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Note that a 2-cocycle e(ui,ui') satisfying (1.21) always exists and the chiral 
algebra 2l(L) is independent of the choice of this cocycle. 

The conformal properties of Y(e u , z) are given by 
(1.23) 

[T(z),Y(e u , w)} = 5(z-w)^Y(e»,w)+^-Y(e»,w)-^S(z-w), \cj\ 2 = . 
Here T is the stress energy tensor 

(1.24) T(z) = ]Tl„z-"- 2 ([v m ,L n }=mv m+n ) 

n 

expressed in terms of an orthonormal basis v % {z) of u{l) currents, (v l \v J ) — Sij, 
by the Sugawara formula 



(1.25) T(z) = \Y, ■ (^W) 2 : ' 

1 i=i 

where the normal product can be thought as a limit 

lim h {zi y {z2 )-±-\ 

zi,2->* ( z{ 2 J 

(see comment following Eq. (1.36) below). The fusion rules for the 2l(L) vertex 
operators have the form 

(1.26) lim {(z - w)-^">Y(e^ , z)Y(e u ' ,w)} = e{uj,uj l )Y{e UJ+u \w) ; 

the operator product expansion for oppositely charged fields can be written in 
more detail as 

(1.27) z[fY(e^, Zl )Y(e-^,z 2 ) =: cxpj^ ' w(z)dz| : , z 12 = Zl -z 2 . 

(The normal ordered exponential is defined in such a way that the nth term of 
its Taylor expansion is an integral over a single quasiprimary field of dimension 
n — cf. [FST]). 

1C. Current chiral algebras associated to simple Lie algebras. 

The CR between two currents Y(t~ 1 v t , Zi), i — 1, 2, for two arbitrary elements 
v 1 and v 2 of g are given by 

(1.28) [y(r V, z 1 ),Y(t- 1 v 2 ,z 2 )] Y (i"V, v 2 ], z 2 ) 8(z 12 ) - (« V)<5'(z 12 ) . 

Here and further z\ 2 = z\ — z 2 . We shall write down for later reference these 
relations for the Chevalley-Cartan basis of a simple component of g. We shall 
set 

(1.29) (vi\v 2 )k = kj(v\\v 2 ) for v 1 ,v 2 £ fl- 7 . 
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Restricting attention to a simple component we skip the index j on g. We choose 
a Cartan subalgebra t) in g and a basis Qj, i = 1, . . . , I, of simple roots in its dual 
thus introducing a standard partial order in ()*, which from now on we shall 
identify with t) using the bilinear form (.|.). 

To each positive root a > we associate a certain current representing the 

V 

corresponding coroot a : 

(1.30) H a (z) = ]T Kz- n -\H« = a := |«| 2 = (a\a) . 

We shall use the positive integer marks ai (and a\ ) of the Dynkin diagram of 
which enter the expression for the highest root 

i i 

(1.31) 6 = ^2 a i a i = a % a i =0 

i=l i=l 

(see [Kl], Chap. 4, Tables). Their ratio relates the Cartan matrix ay of g to the 
symmetric Gram matrix of the coroots, 

[a] \a]) = ay % (ay = (a- \ a 3 ) ) 

while the sum of check marks of the extended Dynkin diagram gives the dual 
Coxeter number 

V V V / V \ 

(1.32) g =l + a 1 H h a ; ( tr (ad Vl ad V2 ) = 2g {v\\v 2 )\ . 

The set of indices (j <G) J for which the exponentials e 27 ™ A J of the correspond- 
ing fundamental weights Aj generate the center Z(G) of the simply connected 
group G with the Lie algebra g is given by 

(1.33) J={j = l,...,l\ aj = l}. 

Let E a be a raising or a lowering operator, depending on the sign of a. Then 
the current CR (1.28) assume the form: 

(1.34) [H a (z 1 ),E^(z 2 )} = (a \p)E? (z 2 )5(z 12 ) (a, (3 roots) , 
[H a (z 1 ),H^(z 2 )} = k(a\f3 V )6'(z 12 ), 

[E a *(z 1 ),E- a Hz 2 )] = for 

9k 

[E a ( Zl ),E- a (z 2 )] = H a (z 2 )5(z 12 ) - -^5'(z 12 ) . 

The afhne chiral algebra 2lfc(g) contains the Sugawara stress energy tensor 
(see e.g. [K2] Sect. 5.7.): 

T W = ^ ^ : ( Ea ( z ) E ~ a ( z ) + E- a (z)E"(z)) : 

(1.35) +Y,-H i {z)H i {z)\ , h = k + g V . 

i=i J 
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Here H l and Hi correspond to dual bases in the Cartan subalgebra: 
(1.36) W = a- , Hi = A t , {a] |A,) = <% . 

The normal product :: can be defined by either subtracting the singular in z\ 2 
part of an ordinary product J a (zi)J a (z 2 ) or by ordering the frequency parts of 
the currents (inequivalent definitions of the normal product used in [FST] and 
[K2] yield the same expression for the stress energy tensor). Equations (1.34) 
(1.35) imply the Virasoro CR 
(1.37) 

[T( Zl ),T(z 2 )} = 6(z 12 )d 2 T(z 2 ) + 2T(z 2 )d 2 S(z 12 ) + ^6(z 12 ) (d 2 = 

where the Virasoro central charge exceeds the rank I of g. Denoting by d(g) the 
dimension of g, we have 

(1-38) c = c fc (fl) = £d(fl)>J. 

The positive integer h entering (1.35) and (1.38) (the sum of the level and the 
dual Coxeter number) is called the height. The last inequality in (1.38) follows 
from the fact, that T can be split into a sum of two commuting terms, the stress 
tensor Tu of the Cartan subalgebra and a remainder Tr\ 

1 1 

(1.39) T = T H + T R , T H (z) = —J2--Hi(z)H\z): 

i=i 

We find, as a consequence of (1.34), (1.35) and (1.36) 

(1.40a) [T ff (*i),ir(s 2 )] = d 2 (5{z 12 )H\z 2 )) = [T{ Zl ),H\z 2 )] 

and hence 

(1.40b) [T fl (*i), JP(* 2 )] = = [T R ( Zl ),T H (z 2 )} 

For a level k > 1 simply laced (A-D-E) simple Lie algebra the RCFT with stress 
energy tensor Tr correspond to (generalized) G/H parafermions — see [KPO] 
and [Gep]. For a simply laced level 1 g we have ci(jj) = I and hence Tr = 0. 

Note that the lattice chiral algebra 2l(£) could also contain a level 1 simply 
laced current subalgebra. In fact, each even (integral) lattice L r has a sublattice 
W r - V L u C L r of the same dimension r. Here W r ~ v is the root lattice of a 
direct sum of A-D-E (simple) Lie algebras, generated by vectors of length square 
2, and L v is its orthogonal complement (with no vector of length square 2), so 
that Lj{yV r - v L v ) is a finite abelien group, the glue group. 

The stress energy tensor T(z) of the chiral algebra 21(G) is defined as the sum 
of the stress energy tensors of the factors of 21(G). 
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2. Twisted modules of a current chiral algebra 

2A. Positive energy irreducible 2l(G)-modules. 

Let 21(G) = 2l(£) ® (0^=1)21^. (fl- 5 ) be a current chiral algebra. Its positive 
energy irreducible modules are tensor products of such modules for each factor. 

Let L* = {(i e goK^I^) <= Z f° r au uj e L} be the dual lattice. It is easy 
to see that the positive energy irreducible modules over 2l(L) are labeled by 
the elements of the finite abelian group L* / L as follows. Extend the cocycle 
e{w\,uj2) to L* in such a way that (1.13) holds for u),ui' G L an lo" e L* . We 
choose a vector ^ of a coset of L* mod L, and let 

(2.1) V tl (L)= 5 ® e "- 

Then Eqs. (1.18), (1.19) and (1.22) define an irreducible positive energy module 
over 2l(L). 

As a consequence of the Sugawara formula (1.25), the ground state energy 
A(^i) of the module V^(L) is given by 

(2.2) A(m) = ^7^, if n is a minimal length vector in ^ + L . 

Let q be the Lie algebra of a simple connected compact Lie group and let k be 
a non-negative integer. Then the integrable positive energy irreducible modules 
over q of level k are labeled by the highest weight A of g in the lowest energy 
subspace (which is a finite-dimensional irreducible g-module). We denote these 
modules by Va(q, k). Recall that A then satisfies the integrability condition 
([Kl], Chap. 12): 

(2.3) (A|aJ) e Z+ for i = I,..., I , (A|6>) < k . 

Each of the g-modules Va(j3,/c) extends to a 2tfc(g)-module and all positive 
energy irreducible 2tfe(g)-modulcs are obtained in this way [FZ]. 

As a consequence of Eq. (1.35), the ground state energy (= conformal dimen- 
sion) A(A) of the module Va(0, k) is given by: 

(2.4) A (A) = (A + ^ A) , where h = k + g v , 2p = ^ a . 

a>0 

2B. Z^v-twisted current chiral algebra modules. 

Let G° be the connected compact Lie group whose maximal torus is U(l) r — 
R r /L, i.e. L is the coroot lattice of G°. (G° contains the torus U(l) r but can, 
in general, be larger due to the presence of w's in L of length square 2; the 
semi-simple part of G° is a product of simply laced compact simple Lie groups). 
Let 



(2.5) 



G c = G° x G 1 x • • • x G s , 
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the corresponding decomposition of Lie algebras being 

(2.6) fl = 0°©0 1 ©---©0 ;s • 

Let Zi C G 3 denote the center of G j , j = 1, . . . , s, and let Z° = L*/L (Z° 
is central subgroup of G°). The following finite subgroup of G c will play an 
important role in the sequel: 

(2.7) Z{G C ) = Z° x Z 1 x ■ ■ ■ x Z s . 

Recall (see (1-33)) that the center of a simple connected simply connected com- 
pact Lie group consists of 1 and the elements 

(2.8) exp 2wiAj , where j e J . 

Recall that if Y(v\, z) = J2nez, ^(^l) 2 "™ -1 i s a ne ld of conformal dimension 
1 of a chiral algebra, then Y (v\) is a derivation of 21 and exp Yo(^i) converge in 
any positive energy 2l-module (see e.g. [K2], Sect. 4.9.). Since such derivations of 
the chiral algebra 21(G) form the Lie algebra gc (the complexification of g), the 
group G c acts on 21(G) by automorphisms, and moreover, acts on each positive 
energy 2l(G)-module U in a consistent way (i.e. g{au) — g{a)g(u) for g £ G c , 
a e 21(G), u e U) preserving the Hilbert metric. 

It follows from the usual properties of the Casimir operator that the stress 
energy tensor T(z) is a G c -invariant observable: 

(2.9) T(z) e 2l(G) Gc . 

Now we recall briefly the notion of a twisted module U over a chiral algebra 21. 
Let b be an automorphism of order N of 21; then we get a Z/7VZ-grading 

where 2l m is the exp 2irim/N eigenspace of b. A b- twisted 21- module U is a linear 
map a i— > 7r(a) from 21 to the space of fields with values in End U such that the 
twisted Borcherds identity holds (see e.g. [KR2]), in particular all the CR are 
preserved and 

(2.10) e 2nLa TT{a)e- 2vlLa = (-l)P^ 'e^r 1 n(a) for a G 2l m . 

If 21 = 2lo, we get a usual (untwisted) 2l-modulc. 

Returning to 21(G), fix j3 € ig such that the corresponding element b = 
exp 2mf3 £ G c has finite order N and choose a Cartan subalgebra of g containing 
0- _ 

Given a positive energy representation 7r of 21(G) in a vector space U , we 
construct a b- twisted representation Tip in U as follows. First, due to the de- 
composition (1.10) of 21(G) and the corresponding decomposition U = ^j—oU^, 
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it suffices to construct the 6j-twisted representation irpj in £/ J ' for each j, where 
f3 = ft is the decomposition (2.6) and bj — exp2irift. 
Next, for a positive energy representation ir of 21(g) we let 

(2.11) n (E"(z)) = n(E<*(z))z-^ = £ ^^-n-Hfl-i 

and extend to the whole 21(g) using the twisted Borcherds identity. 
In order to preserve CR we should have 

(2.12) *0(H a (z)) = n(H a (z)) - . 
Similarly, for a positive energy representation n of 2l(L) we let 

(2.13) ire(Y(e",z))=n(Y(e",z))z-^ , 

(2.14) = - ^ , 

and extend to 2l(L) using the twisted Borcherds identity. 
The constructed 6-twisted 2l(G)-module will be denoted by 
Going to the stress tensor, which is a sum of a torus part, Tl (1-25), and a 

contribution of type (1.35), (1.39) for each simple factor in G, we shall see that 

only the Cartan part 

(2.15) T^Tl+Th, T L = l -Y^: Vi {zY:, T H = ±- £ : HjH* : (z) 

i=l j=l 

changes following (2.12), (2.14) while the remainder Tr in (1.39) is left un- 
changed. 

Proposition 2.1. If we set 

(2.16a) f t) =T l) -^P(z) + ^(mk, f R = T R 

implying for the Laurent modes of T 

(2.16b) L n = L n -f3 n + ^(f3\f3)k5 n0 , 

where (/3\f3)k = k\P\ 2 for each simple component of (2.6), then T and J satisfy 
the same CR as T and J (J standing for any of the ^-currents, H a 7 E a 7 v l ) e.g. 

d 



(2.17) [L n ,J(z)] = -(z n+1 J{ Z )) . 



Proof. It is straightforward to verify that the commutator of L n with E a = 
■Kp(E a ) (2.11) reproduces (2.17). One further uses the fact that irp defines a Lie 
algebra homomorphism on the currents, preserving their CR. The constant term 
in L is obtained by computing [L\, □ 
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3. Twisted characters and modular transformations 

The complete character of a positive energy 2l(G)-modulc V is denned on the 
product of the upper half plane r and the group G as follows: 

(3.1a) X v{r,z,u) = e 2 ^ k ' u hr v ( g L »^e 2 "j . 

Here 

s 

(3.1b) q = e 2lTiT (\q\ < I), z e iQ,{k,u) = u Q + J2 k J u i > 

Uj are auxiliary (complex) parameters, Lq is the chiral energy operator (1.2), 
(1.4) (the zero mode of the stress energy tensor (1.24)), Ck is the Virasoro central 
charge (cf. (1.38)): 

S 

(3.1c) c fc =r + J> fcj (fl'). 

3=1 

If V is irreducible then xv splits into a product of Kac-Moody and lattice 
characters; we reproduce their expressions and transformation properties sepa- 
rately. This will allow us to write down the general orbifold characters. 

3A. Kac-Moody and lattice characters. 

Let now G be a connected simply connected compact Lie group with a simple 
Lie algebra q. We shall use the following notation: M* is the weight lattice dual 
to the co root lattice M; the set of level k dominant weights is [Kl] 

(3.2) = {AeM*|(AK v )>0,i = l,...,Z;(A|6» v )<fc} ; 

Q C M* is the root lattice; the quotient M*/kM is a finite abelian group of 
order \M*/kM\ = k l \M*/M\. The values of \M*/M\ may be found e.g. in [KW] 
(in the simply laced case \M*/M\ is the determinant of the Cartan matrix). The 
Kac-Moody character xa(t, z,u) = XVa(b,*0 ( r ' z > u ) can be expressed in terms 
of classical 6 functions of weight 1/2 and certain almost holomorphic modular 
forms c^, the string functions, of opposite weight ([Kl], Eq. (12.7.12)): 

(3.3a) X a(t,z,u)= £ c£(r)eft(r, z, u) , 

XeM'/kM 
A-AeQ 

(3.3b) Of k (T,z,u) = e 2 ™ ku ^ gi(7l7) e 2*ik(7l*) . 

We assume here that iz is an element of g and choose a Cartan subalgebra 
containing iz. 
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The modular transformation law for 6 is given by (see Theorem 13.5 of [Kl]): 



1 J ' " l ' ' ' Afe y t't 2r 

(3.4) =Hr)^|M7fcMr 1 /2 £ e _2^ e M (rjZ>u)} 

X'eM'/kM 

(3.5) T=(j J) : 6f fe(w ) - 0£(r + M,«) = e^ef fe(w ) . 

The characters xa span a finite dimensional representation of <SX(2,Z) as well 
(see [KP] or Theorem 13.8 of [Kl]): 



(3.6) X A 



1 z (z\z) \ c , ^ 
1 h r ) = ^ ^aa'XA'(t, z,u) ; 



A'ePf 

here the Saa' are given by the Kac-Peterson formula: 

(3.7) S AA ,=^\M*/kM\-^ £ e{w)ew{-2*i {A + P W A ' +P)) } , 

wew(g) ^ ' ' 

where |A+| is the number of positive roots, W(g) is the Weyl group of g, e(w) 
± according to the parity of w, 2p and h are defined in (2.4), 

(3.8) xa(t + 1, z, u) = e 2 " mA XA(r, z, u) , 

Cfe(fl) 



(3.9) m A = A(A) 
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where A (A) is the conformal dimension (2.4), Cfc(g) is the Virasoro central charge 
(1.38). 

In the special case of q = su(2) we have 
(3.10a) S\\> = + ^ + ~ ■ h = k + 2, 



, n ™s A(A + 2) c , ... 3fc 

(3.10b) m x = 1 ^ c = Cfc (su(2)) = — . 

Note that for a simply laced affine algebra at level 1 (so that c = I) there is 
only one non-zero string function, which is a negative power of the Dedekind 
^-function: c^(r)|fe=i = {r)(T))~ l . Recall the transformation properties of the 
ry-function: 

(3.11) V (--) = (-ir)^ 2 V (r) , r ? (r + l)=e-/ 12 r ? (r). 
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The matrix S simplifies in this case as it coincides with that for the lattice 
characters (see (3.14) below). 

It is clear from the construction that the lattice character \\i 01 the module 
V^L) is given by 

(3.12) X»(t,z,u) = ( V (r))- r Q^(T,z,u) . 

Here, as before, z is an element of g° and we choose a Cartan subalgebra contain- 
ing z. (The expression (3.12) has, of course, the same form as the level 1 simply 
laced Kac-Moody character; it coincides with (3.3), (3.11) for L = M,r = I). 
The modular transformation law for Xn can be read off (3.4), (3.5) and (3.11) 
(the expression for S in the counterpart of (3.6) being simpler than (3.7)): 

(3-13) Xp. (~^,^,u- t^M 2 ^) = s w'Xh(t,z,u) 



v'eL*/L 



l/2g-27r»(,V) 



where 

(3.14) = \L*/L\~ 

(3.15) 

XAl (r + l,z, U ) = e 2 — X„(t,z,u), ro„ = A(/x) - ^ , A( M ) = . 

As mentioned above, an irreducible positive energy 2l(G)-module V is the tensor 
product of the 2l(L)-module V^(L) and 2l(g : ' )-modules V\j(g J ). Hence positive 
energy irreducible 2l(G)-modules are parameterized by the set 

Pi = (L*/L) x P* 1 x ... x P ks 

We let fi = A , call A = X)j=o ^ tnc highest weight of V, and write V = V\. 
The character of V\, A £ P£, is the product 

s 

(3.16) Xa(t,z,u) = Y[xaj(t,z j ,u 3 ) . 

j=o 

3B. Modular transformations of twisted characters. 

Recall that the affine chiral algebra 21(G) is defined by the data consisting 
of a compact group G and an invariant bilinear form on its Lie algebra g. This 
invariant bilinear form looks as follows: 

r 

(3.17a) (x\y) k = J2kj(x j \y j ). 

3=0 

We will also use the normalized invariant bilinear form 

r 

(3.i7b) (*to) = 5>V')- 

3=0 
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Let now (3 G ig be such that b = exp 2iti(3 S G has finite order and choose a 
Cartan subalgebra of g containing i/3. It follows from (2.16b) and (3.1) that the 
value of the character of the 6-twisted 2l(G)-module vjf^ at e 2ma e G is given 
by the following formula: 

X a /{r) = tr VA q L °-e+^W*-%e 2 * ia 

(3.18) =e^^ X K(r, a ~Tf3,- l -{ a -Tf3\P)) ■ 

Each factor in (3.18) can be written in a similar form for the Kac- Moody and 
the lattice case (assuming that a and (3 lie in the same Cartan subalgebra): 

(3-19) X a /{r)= J2 c a(t)6^(t) 

XeM'/kM 
A-AeQ 

(3-20) X a /(r) = [v(rT r e a /(r) 

where in both cases 
(3.21) 

eSf (r) = e " fc H«eM L a _ ^ I (/3r - = £ ff # ^I'^^la) 

(We can read off the lattice 0-function from (3.21) setting M = Q = L, X = fj,, 
k = l). 

The modular transformation law for twisted characters is deduced from the 
known transformation properties of Kac-Moody and lattice characters (3.6-3.9) 
and (3.13-3.15) using the following lemma (cf. [KP2] and [Kl]). 

Lemma 3.1. Let the finite set of functions {i^(r, z,u),i G /} be closed under 
modular transformations: 



f ° T (c SL ( 2 > Z )- De fi ne 

(3.23) F l a ' f3 (T)=F i (r,a-r(3,~(a-T/3\p)) . 
Then 

(3.24) F^ (^-^) = J2 A v F t~ b0 ' a0 ~ Ca ( T ) ■ 

jei 
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Proof. If we set 



then 



ar + b z . _ 

a — « = , with z — da — bp — (ap — ca)T 

ct + a ct + a 



ar + b\ f ar + b z _ c(5|5) 



ct + d J \ct + d' ct + a" 2(cr + d) 



where u = \{z\ca — a/3). The law (3.24) then follows from (3.22). □ 

It is now straightforward to apply Lemma 3.1 to (3.18) to find the transforma- 
tion formula of twisted 2l(G)-characters Xa^ using the transformation formula 
for complete characters from the previous section. Introduce the following no- 
tation: 



(3.25a) S A , A , = ~[[S 



AJ,A'J 5 



(3.25b) TOA = mA3 ' 

where the Sa^a'j are given by (3.7) and (3.14) and the m A j are given by (3.9) 
and (3.15). Then we have 

(3.26) (--) = e 2 ^^ Yl SAA'xi'r a (r) , 

\ T J A' 

(3.27) XaV + 1) = e 2 ™( mA +5 W)*) X «-^( T ) ■ 



3C. Small r asymptotics of twisted characters of 21(G). 

The small r asymptotics will be used in the sequel for singling out non-trivial 
orbifold modules. Since the parameter (3 — ^-t (which has a positive real 
part) can be interpreted as inverse temperature, the small r asymptotics can be 
interpreted as the high temperature behavior. 

Lemma 3.2. (a) The q-expansions o/ 0"jf (r), g Cfc / 24 c^(r) and q Ck/24 XA fi (t) 
involve only non-negative powers of q. 

(b) The q-expansion of ©™j|. (t) has a non-zero constant term iff A — k(3 € 
kM. This constant term equals e 2 *'*(a|0)* _ 

(c) The q-expansion of q Ck ^ 24 c^(T) has a non-zero constant term iff A = kkj 
with j € J (see (1.33)) or A = 7 and A — A e fcM. TTiis constant term 
equals 1. (Recall that Aj are fundamental weights). 

(d) The q-expansion of q Ck l 24 x a '^(j) has a non-zero constant term iff A = 
/cAj with j e J or A = 0, and A ~ k/3 € kM. This constant term equal 

e 2ni(a\l3) k _ 
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Proof, (a) and (b) are clear, (c) is proved in [KW]. (d) follows from (b) and (c) 
by making use of (3.19). □ 

The modular inversion S relates low temperature to high temperature behav- 
ior and is a key to computing small r asymptotics. 

By Lemma 3.2(a) and (d) each term in the expansion of e~^^XA^ (— 7) 
vanishes exponentially for t J, unless A = kAj with j £ J or A = 0, and 
A — k(i £ kM, hence, by Lemma 3.2(d): 

lim e~T2^Y? ,/3 ( — - 

T.10 \ T 

(3.28) 

f e 27 ™^!' 3 )* for A = fcAj, j £ J, or A = 0, and A - k(3 £ kM, 
1 otherwise. 



Similarly, we have: 



^ j- e 27Ti(a|/3) for g Lj 

otherwise. 



(3.29) lim e-^x^ = { 

Substituting r by — ^ in (3.26): 

A / \ / 



we find, using (3.28) and (3.29), that XaA t ) ~ |i*/ir 1/2 e 27 "( A °l a ) 

as r J. 0, where 7j = fcjA; with i e J J or 7-,- = 0, if a + J2j=i 7j 
£i® (©| = iM 3 ), and tends to otherwise. Recalling that [KW] 

(3.30) S A . kAj = S Afi e- 2m ^ A ^ if j £ J , 

we arrive at the following result. 

Proposition 3.1. The high temperature asymptotics of twisted 21(G) characters 
is given by 

,. „«, , f ^A,oe 2 "( A l« fc ! /ex P 2™eZ(G) 

hm e 12t Xa (t) = < 

t-J.0 I otherwise. 



Here Z(G C ) is the finite central subgroup of G c defined by (2.7) and we 
use (2.8). 
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4. Affine orbifolds 

4A. Projection on a centralizer's irreducible representation. Asymp- 
totic dimension. 

Let as before [3 G ig be such that b = cxp 2irif3 G G c has finite order. Given a 
positive energy 2l(G)-module U , we have the 6-twisted module constructed 
in Sect. 2B. Consider the chiral subalgebra 21(G) 6 of fixed elements of 21(G) with 
respect to Adf,. When restricted to 21(G) 6 , becomes an untwisted 21(G) 6 - 
modulc. This simple, but important observation allows one to construct in many 
cases all untwisted modules of a chiral algebra (see e.g. [KR2]). 

We shall use in the sequel the following orthogonality relations of irreducible 
characters of a finite group T : 

(4-1) J_]TaW(M 
1 1 her 

(4-2) J-^Vfo)^) 

Here and further T denotes the set of all irreducible characters (= represen- 
tations) of r, a* stands for the complex conjugate character, T g stands for the 
centralizer of g G T. We shall also denote by g the conjugacy class of g in T. 
Recall that |T| = |r a ||<7|. 

Let L be a finite subgroup of the compact group G c . We shall consider T as the 
gauge group of our CFT and define the chiral subalgebra 2l r of gauge invariant 
observables as the set of A<ir-invariant elements of 21(G). This is called an 
orbifold chiral algebra. One can ensure that 2l r only contains local Bose fields 
(even when 2l(i) involves fermionic vertex operators) replacing L by L eV en (the 
maximal even sublattice of L) and T by its extension by L/L cvcn . It will be the 
objective of this section to construct a set of positive energy representations of 
2l r which again give rise to an RCFT. That will be demonstrated in the next 
section by displaying the SL(2, Z) properties of their characters. (This is, in 
general, not the case if the subgroup T of G is infinite.) The 2l r -modules in 
question are obtained by splitting the twisted 2t(G)-modules into 2t r -invariant 
parts. 

Remark 4-1- It is clear that 2l r = 2t rz ' Gc - ) where TZ(G C ) is the finite subgroup 
of G c generated by T and Z(G C ). Hence the orbifold model does not change if 
we enlarge T by the central group Z(G C ) and in principle we may assume that 
F contains Z(G C ) (but we shall not do that). 

Pick b G F and write it in the form b = exp 2iri{3, where if} G g. Let Tp 
be the stabilizer of (3 in T with respect to the adjoint action of T on g. Then 
the twisted 2l(G)-module becomes untwisted with respect to the chiral 

subalgebra 2t(G) r ' 5 of fixed elements with respect to Tp. It follows from the 
construction that the group Tp acts on 

Let a be an irreducible character of the group Tp. It follows from (4.1) that 



<r(9) 



5<j,<j' , cr, c' G f , 



o(l) 
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the projector on the cr-isotypic component of a representation of Yp is given by 
(4.3) Pa = ^J2°*(h)h. 

The subspace P a is irreducible with respect to the pair (r ( g,2t(G) r ' 3 ). This 
can be proved in the same way as Theorem 1.1 from [KR2]. It follows that the 
2l(G) r ' 3 -module P a U^ is isomorphic to the sum of <r(l) copies of an irreducible 
module which we denote by U^. 

Since the affine orbifold 2l(G) r is contained in 2l(G) r|3 , we obtain a 2l(G) r - 
module by restriction. Take now U = V\. It follows from (3.18) and (4.3) 
that the character X\ a = trq^'^+i^^"-^ of the 2l(G) r -module vjf} is given 
by 

(4-4) xL(r) = -^ E "'WW. 

h=e 27Tta ,[a,/3]=0 

Applying the orthogonality relation (4.2), wc can invert (4.4): 

(4.5) xl {r) = E °( h )x f L(r) for h = e 2 ™ . 

Let Z = Tn Z(G C ) denote the small center of the subgroup T of G c . 

Theorem 4.1. The orbifold character Xa<j( t ) * s nontrivial iff A and a agree 
on Z: 

(4.6) A\z = viz- 
Provided that (4.6) holds, one has: 

(4-7) lime"w x £ (r ) = S A ,oa(l)|Z|/|I>| . 



Proof. It is clear from the construction that G — if (4.6) fails. Furthermore, 
by Proposition 3.1 and (4.4) we have: 

lim e -w X £>) = F <7*(/»)e w ( A W fe . 

It follows from the orthogonality (4.1) of characters of the group Z that this 
is zero unless (4.6) holds, in which case it is given by the right-hand side of 
(4.7). The latter is positive since S\, o is a positive real number (see discussion 
below) . □ 
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An important characteristic of a chiral algebra module V is its asymptotic 
dimension [KP2] [KW] and Sect. 13.13 of [Kl]. It is denned as the coefficient 
a(V) of the leading term of the small r (or high temperature) expansion of the 
specialized character xv- 

(4.8) xv (r) = tr v q {L °~^ w a(V)e^ . 

For example Theorem 4.1 states that the asymptotic dimension of the orbifold 
module V^j is given by the right hand side of (4.7) provided that condition (4.6) 
holds. The positive reals a(V) have multifold interpretations. If 21 (Vi) C 2l(V2) 
are two chiral algebras (with V\ C V2) then a{V-2)/a{Vi) gives the index 0/ 
embedding of the associated von Neumann algebras (see [R] , [LR] and [RST] and 
references therein) . If V\k is an affine algebra module and Vok the corresponding 
vacuum module of height h then a? l (A)/a/ l (0) is the "quantum dimension" of V\ 
[V]. In the case at hand the knowledge of a(V) appears as an efficient tool for 
singling out non-trivial orbifold modules, and, as we shall see, for handling the 
splitting of reducible modules into irreducible components. 

An 2l(G)-module Va appears as an outer product of representation of the 
chiral algebras 2l(L) and 21^ (g- 7 ). (We use the term outer tensor product to be 
distinguished from the tensor product of representations of a group G that is 
again regarded as a representation of G rather than as a representation of the 
direct product G x G.) 

The asymptotic dimension of an outer product of representations obviously 
equals the product of asymptotic dimensions of factors. Hence the asymptotic 
dimension a(V\) of a 2l(G)-module V\ is equal to the product of a(V M (L)) and 
a(V^3 (Qj)), j = 1, . . . ,s. The asymptotic dimension of lattice modules is inde- 
pendent of fi: 

(4.9) a(V^(L)) = S^o = \L*/L\~? . 

The asymptotic dimension of Kac-Moody modules is given by (see [KP] , [KW] 
or [Kl](13.8.10)): 

(4.10) a(V A (g)) = S Afi = \M*/hM\~i J] 2 sin ^ ± pH . 

Q >o h 

This number is positive since (A|a) < k and (p\a) < (p\9) = g' — 1, so that 
(A + p\a) < h = k + g" . 

4B. Affine orbifold models for non-exceptional T. Action of Z. Mod- 
ular transformations. 

In order to construct a modular invariant family of T-orbifold modules we 
need to impose some restrictions on the subgroup r of G c . Let Z be the small 
center of T. 

Definition 4.1. An element b <G T is called non- exceptional if there exists f3{b) € 
ig such that b = exp27ri/3(6) and Tb = Tp. The subgroup T of the compact group 
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G c is called a non- exceptional subgroup if for any g GT there exists £ <G Z such 
that Qg is a non- exceptional element ofT. 

An element g € G c is called Ad- exceptional element of G c if it cannot be 
written in the form g = b(, where b is a non-exceptional element of G c and 
C <= Z(G). Obviously, a subgroup T of G c containing Z(G C ) (recall that, due 
to Remark 4.1, we may assume that T D Z(G c j) which docs not contain Ad- 
exceptional elements of G c is a non-exceptional subgroup of G c . We shall de- 
scribe Ad-exceptional elements of a compact group G in Appendix B. Here we 
only note that U(n) contains no exceptional elements and SU(n) contains no 
Ad-exceptional elements. Any connected simple compact Lie group other than 
SU(n) does contain Ad-exceptional elements. 

^From now on let T be a non-exceptional finite subgroup of the compact Lie 
group G c . 

It follows from the definition that for each g £ T there exists a £ € Z such 
that b = (~ x g is non-exceptional. Moreover for each g of a conjugacy class g we 
can choose the same ( e Z and a map (3 : b — > ig satisfying 

(4.11) b = e 2m<3 ^ , (3(hbhr x ) = Ad h (3(b) for all b e b, h e F . 

Note that a choice of (3(b) such that F/, = Fp(b), determines uniquely the map (3 
satisfying (4.11). 

A quadruple (A, b, (3, a) where A e P£, b is a non-exceptional element of F, 
(3 is a map satisfying (4.11) and a e Y p is called an admissible quadruple if 
the compatibility condition condition (4.6) holds. Due to Theorem 4.1 the 2l r - 
module V^ 6 ^ is nontrivial for any admissible quadruple (A, b, (3, a); we shall 
denote it by Vf b a . We have for any g e T the identity 

(4-12a) ^_ v .=Vf iM , 

where a 9 e r gbg -i is defined by 

(4.12b) o-9(h)=o-(g- 1 hg). 

We thus obtain the first equivalence of admissible quadruples: 

(4.13) (A, 6, (3, a) ~ (A, gbg~\ Ad g p, a 9 ) . 

Recalling that (4.11) defines a map (3 : b — > ig and dropping the superscript g 
on a we may denote the character of the module (4.12) by g . Furthermore, 
if /3(6) is replaced by (3(b) + m where 

(4.14) e 2 " im = l, [(3(b), m} = 0, r m+m = T b , 
then 

(4-lSa) KT^ m = V L° > 

where a m is a 1-dimensional representation of Ft defined by 
(4.15b) a m (h) = e 2 "^!")^ for h = e 2ma e T 6 . 

Here and further we are using the following simple fact. 
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Lemma 4.1. Let G be a connected compact Lie group with Lie algebra g and 
let A G ig be a weight, i.e. 

(4.16a) e 2m(X\m) = j lf e 2nim = j ^ ^ m ] _ Q 

TTien A defines a l-dimensional representation <j\ of its stabilizer G\ by the 
formula 

(4.16b) a x (g) = e 2 ™^ for g = e 2 ^ G G\, 7 G z 0A . 

Proof. Since the group Ga is connected, it is generated by elements g of the 
form (4.16b). The map a\ is independent of the choice of 7 representing g due to 
(4.16a). If gj = e 27 ™^ G G\ where 7, G j = 1, 2, then the Cambell-Hausdorff 
formula implies 0^(5152) = cxp{27ri[(A|7i + 72) + (AI7)]} where 7 is a linear 
combination of commutators [71,72],... ,[[7^,7^],... ,], for«i,i 2 ,--- £ {1)2}. 
But (A|[7i,72]) = ([A,7i]|72) = and the same holds for multifold commutators 
of 7j. Thus (4.16b) does indeed define a l-dimensional representation of G\. 
□ 

The isomorphism (4.15) gives a second equivalence relation for admissible 
quadruples: 

(4.17) (A, 6, 0(6), a) ~ (A, b, (3{b) + m,a® a m ) 

provided that m G ig satisfies (4.14). In deriving the equality of the correspond- 
ing characters we use the identity 

(4.18) e -2«(m|a) fcx a,/3+ m(T) = ^ ^ 

The least obvious equivalence relation appears when two non-exceptional el- 
ements of r are obtained from each other by multiplication with an element 

Every element of Z can be written in the form 

C= ,<£>) e Z x ... x Z s , Cj v) =e 2 *< ) or 1 . 

Here {A^} generate the finite abelian group L* /L; for each simple component 
g the fundamental weight Aj belongs to the set j of indices with aj — 1, see 
(1.33). If both b and Qb are non-exceptional we can write 

(4.19a) k/3{Cjb) = k(3{b) + kAj + m 

(4.19b) Ad Vb (kAj + m) = kAj + m , e 2mm = 1 . 

We proceed to define the action Q on a and A. According to Lemma 4.1 the 
phase factor 

(4.20) o-j{b') = e 2 ™C^+™l/3') for y = £nif? ; Mt j> = p 
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gives rise to a 1-dimensional representation cjj of IV The transformation A — ► 
Q(A) of a lattice weight A G L* is given by £7 (A) = (A + Aj) mod L. If g is a 
simple rank I Lie algebra and AgPf, then £i(A) is defined by 

(4.21a) Cj(A) = kAj + wjA 

where Wj is the unique element of the Weyl group W of g that permutes the set 
{— 6, a\, . . . , oti} and satisfies 

(4.21b) -Wj6 = a . 

Theorem 4.2. The pair of non- exceptional quadruples 

(4.22) 

x = (A,b,/3,a) , ^A = ^A^ and 

C(x) = ^K 1/ A I/ + ^A j J,C&,/? + ^^ + ^ {® v * ju )^ 

gives rise to f/ie same orbifold module leaving the same corresponding character 
invariant. 

The action of the center on non-exceptional quadruples for which b and £6 
belong to the same conjugacy class b has no fixed points for level k — 1 in the 
simply laced case, but may have a fixed point for higher levels. For G — SU(2) 
this happens for even k and A = ^k. An example of this type is provided in 
Sect. 6 (see Example 6.4). The corresponding twisted orbifold module turns out 
to be reducible in this case. Understanding its splitting into irreducible com- 
ponents requires more work and will be postponed to a subsequent publication. 
Here we shall restrict our attention to the case when Z acts on the admissible 
quadruples without fixed points (thus including all level 1 orbifolds, all SU(p) orb- 
ifolds (with p prime) for levels not divisible by p, as well as all T C G orbifolds 
with a trivial small center). 

We denote by X the set of equivalence classes of all admissible quadruples 
with equivalence relations (4.13), (4.17) and (4.22). 

One may use the following description of X. Consider the action of Z x T 
on r for which Z acts by multiplication and Y by conjugation. Choose a subset 
B <zT consisting of non-exceptional representatives of orbits of this action, and 
for each b € B choose [3(b) € ig satisfying (4.11). We call such B an admissible 
subset of r. Then X may be identified with the set of admissible quadruples 
(A, b, (3(b), cr), where A <G € B,cr e f^, with the equivalence relation that 

occurs only if 

(4.23a) (b = gbg- 1 for some Q G Z and g G V . 

Then we let (cf. (4.22)): 
(4.23b) 

(A, b, (3(b), a) ~ (^2( Wjl/ A v + kA j „),b,(3(b),o-®o-^ i/mi/ ® a {1 _ Adg _ l)m ^J . 
We can state now our main result. 
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Theorem 4.3. (a) Under the modular inversion S the characters Xx{x € X) 
transform among themselves: 

( 4 - 24a ) xU,J- 1 -)= E E EE^i^w 

ff=C'b'cr 6=e ^/3 e5 CT ' e f 6 A' 

b'=e 2 * il3 'eb' 
[P,0']=O 

where Saa' is the affine Kac-Moody S-matrix (3.25a), and the "group theoretic" 
factor looks as follows: 

(4.25) Si- b , a , = lr { a'(b)a(b')e-^^'^ . 

beb,b'eV 

bb'=b'b 

For levels and groups T C G for which the small center Z acts without fixed 
points each equivalence class of quadruples in X is encountered \Z\ times and we 
can write 

( 4 - 24b ) <b,A- 1 -)= E Waa^^xJ,^) • 

V / (A',b',0',cr')eX 

(b) If the lattice L is even then the characters Xx are eigenf unctions of the 
modular translation T: 

(4.26) xi- b Jr + 1) = cxp | 2 « (m A + \ ((3(b)W(b')) k ) } ^< B ,» • 

TTie?/ are eigenf unctions of T 2 also for odd lattices. 

(c) The inverse matrix S^ 1 is complex conjugate to S. The matrix S in 
(4.24b) is manifestly symmetric and hence also unitary. 

(d) The matrix elements of S and T remain unchanged under the equivalence 
relations (4.13), (4.17), (4.22), (4.23). 

(e) The charge conjugation operator C — S 2 gives rise to the following in- 
volutive permutation of the set X: 

(4.27a) C : (A, b, 0(b), a) — > (A c , b~\ ^fc" 1 ), a c ) 

where A c = —A in the lattice case, A c is the highest weight of the con- 
tragredient to A representation of g in the affine case, and 

(4.27b) a c (h) = a* {h) e *™(m+P{b-^\o<) k for h = e 2ma e Tb 

Proof of Theorem 4-2. We shall content ourselves with verifying the equality of 
characters for admissible quadruples (4.22). The crux of the argument is the 
proof of the relation 

(4-28) X a k f; + %T(T) = e 2 * +m| *xfW 
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(for an appropriate choice of m € M) in the case of a (rank £) simple Lie 
algebra q. To prove it we use the Weyl-Kac formula for the affine characters ([Kl] 
Chap. 10). We first extend the coroot and weight spaces of g by introducing the 
central element 

e 

(4.29) K = ]T a v a v (<- a = K - Q J ) 

and the gradation operator —L ) (see Chap. 7 of [Kl]). The bilinear form 
(.|.) is extended to the resulting I + 2 dimensional space by 

(4.30) (K\K) = (d\d) = = (K\oti) = (d|ai) , i = 1, . . . , I ; (K\d) = 1 . 
The Weyl-Kac formula then gives: 

2ixi\T\ ^-K-P-d) +a\w(kd+A+p) 



(4.31) xtdU-) = L ^ h . . . , 
where the sum is over the affine Weyl group W(g), p is defined by 

£ 

(4.32) p = g J d + p, p = ^A,, 

and e(w) = ±1 according to the parity of w. We define the element Wj of the 
extended affine Weyl group W as follows (cf. Sect. 1 of [FKW] and Appendix B 
below): 

|A| 2 

u>j = tjWj , tjd = d + Aj ^ — K , tjv = v — (v\Aj)K(v e f)) , 

(4.33) 

Wjd = d , uijK = K , 

(where Wj G W(q) is defined on f) as above). 

We shall use the following three properties of Wji 

(i) it preserves the extended Killing form; 

(ii) it leaves p invariant; 

(iii) it normalizes W(q). 

They allow us to write down the exponent in the numerator of (4.31) as 

Wj jr -0-dj+a^\w {% (kd + A) + p} 

k 

t— \vjjf3 + Aj\ 2 — k (wja\Aj + (wjoe — t (d + Aj + Wj(3) \w {p + Wj(kd + A)}) 
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It follows that 

(4-34) W = e^ k ^htkUr) ■ 

Observing on the other hand the invariance relation 

Xkd+A Wi V) =Xm+a( t ) 

and the fact that Wj(kd + A) can be substituted by Q(kd + A) in the expression 
(3.18) for the character, we complete the proof of (4.28). It remains to insert 
the result into (4.4) in order to conclude that 

( 4 - 35 ) X^tit^Qb^. (r) = X f liJr) , 

thus proving Theorem 4.2. □ 

Proof of Theorem 4-3- We use the assumption that T is a non-exceptional sub- 
group of G in order to express h in the formula (4.4) for the orbifold character 
by a non-exceptional element b'^ 1 : 

(4.36a) h = (b'~ 1 =e 2m(a <+^ 

where 

(4.36b) C = e 27rM « G Z , [a ( , /3(b)] = , b'- 1 = e 2 ™' 3 - . 

This allows to rewrite (4.4) in the form 

( 4 -37) <5,» = jf|E E < b ')xt'\r) 

bet, , l=Cb '-i e r b 

where we have used the relation 

(4.38a) Xa +>3 -' (t) = e 2 -( A l«<)*xf '-\ T ) 

for e 27r4 ( m l Q c) — 1 whenever m S M, [ot£,m] — 0, implying 

(4.38b) a*{h)x7 +0 '-' {r) = a(6')xf 'V) 

for a\z = A\z (we have also used a* (6' _1 ) = cr(b')). Inserting the modular 
inversion law (3.26) into (4.37) we find 

(4-39a) XUJ- 1 -)=^J: E ^e^'^E^^'-W, 

6e5 fc=C6 /-i A' 
b ' er b^,-^'_ 
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where, in view of (4.5), we can write 

(4.39b) Xa~ '-(t)= E ^ P '-( b Kfl ■ 

Finally, we would like to substitute the upper index of x by the phase /?' of b' 
which differs from — j3'_ by a coroot: 

(4.40) b' = e 2m ' y e - 2 ^(/3'+/3-) = i ([/?' +ff_,0\=O). 

Applying (4.15) we obtain 



(4.41) 

J3 
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= m E E E E^w^'^^xJ^^w 

g cr 6 = e 2 "^ e 6 CT 'er„ A ' 

6b'=6'6 

where 

(4.42) a' (6) = a-' 3 - ( & ) e 2^(/3'+/3l|/3) fe . 

If the small center Z acts on admissible quadruples for which (b e 6 without 
fixed points, then each term in the sum is encountered exactly \Z\ times and we 
end up with (4.24b), (4.25). 

The T-transformation law (4.26) follows from Eq. (3.27): 

(4.43) x Al J T+ i ) = e ^{m, + hWh} £ a * {h)xT W {T) 

her b 

[aJ3]=0 

= e 2 m {m A + ±((3\f3) k -(*\f3)} x ^ _ ( T ) . 

Here we have used the fact that b is in the center of Tf, and cr(€ f^) is irreducible, 
so that 

(4.44a) a*(h) =a*(hb- 1 )^l 

ct(1) 

where the last factor is a complex number of absolute value 1 which can be 
written as 



°"*( & ) _. p -2™( CT |/3) 



(4.44b) =: e 
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(Equation (4.44b) thus defines a linear functional (cr|/3) in (5 whose exponential 
agrees with the value of A on Z.) 

Using once more Lemma 3.1 for the inverse transformation ^ ^ ) ^° 

we derive S^ 1 = S* , where * stands for complex conjugate. The symmetry of S 
is manifest from the expressions for Saa' and S*£. ^ . 

To prove the invariance of ^-matrix elements with non-exceptional entries 
under the equivalence relation (4.23) we use an extension of (3.30): 

(4.45) S C . (A);A , =e~ 2 ^ A ^S AA , , 

(cf. [KW]) and the fact that a' and A' coincide on the central element Aj. To 
verify that T is also invariant under Q one uses (a \Aj + m) = (A\Aj + m) and 
(wjA\Aj) = (A\wJ 1 A j ) = (A\Aj + m') (m' e M) to prove that the phase 

cj>{kd + A, /?, a) = ±-(kd + A + 2p\kd + A) - (a\(3) + ^|/3| 2 

changes by an integer: 
k 

A <^ = 2 d A j| 2 ~ l A J + m ' 2 ) + ( A ' m ' - TO ) + ( A - v\ A j + m) 
= (A|m ; - m) - fc{(Aj» + ^H'} G Z(=* e 2 " A0 = 1) . 

We finally proceed to prove (4.27). To this end we compute C = S 2 by 
applying Lemma 3.1 to the central element of SL(2, Z). 

-1\ 2 ( -\ 



,10/ V -1 
This gives 

A' |i6| 6'er 6 

b'cr' 



where Caa' = <5a*A' is known from the modular properties of affine Kac-Moody 
characters ([Kl] Chap. 13), while the second factor is computed to be 

(4-46) C^ la ,^S— w 5^^S^. 

a 

We note that the equivalence class v of the vacuum admissible quadruple, 
i.e. that corresponding to the vacuum 2l(G) r -module, is selfconjugate: 



v := class of (0, 1, 0, 1) = Cv. 
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Note also the following formula for any x = (A, b, (3(b), a) e X : 

S x , v = 5 , A,0jp|Cr(l) . 

Remark 4-2. It follows from Lemma 3. 2d that the eigenvalues of L a rc strictly 
positive in all 21(G) -modules V x , x € X, except for the vacuum module V v . The 
0-th eigenspace of L in V v is C|0). 

Remark 4-3. The 2l(G) r -modules V x and Vc x [x e X) are contragrcdient. 

4C. Fusion rules. 

We can summarize the most important features of the outcome of the previous 
section as follows. 

Starting with a compact Lie group G = (W~ / L) x G' , where G' is simply con- 
nected, and a negative definite integral invariant bilinear form on its Lie algebra 
which is even on the lattice L, we have constructed for every non-exceptional 
finite subgroup r of G a collection of 2l(G) r -modules parametrized by a finite 
set X. This set is equipped with an involutive permutation G (corresponding to 
taking a contragredient module) and a distinguished element v (corresponding to 
the vacuum module) such that Cv = v. We have also matrices S — {S xy ) x . ye x 
and T = (T xy ) x , ye x satisfying the following three properties, provided that the 
small center Z acts on X without fixed points: 

(a) S is symmetric and T is diagonal, 

'0 -l\ „/l l\ m ( -\ 



(b) the map ^ oJ^^'^O 1 ) ^ T \ -1 ) ^ C giv ° & unitary 
representation of the group SX 2 (Z). 

(c) S xv > for all x e X. 

Following Verlinde [V], introduce the fusion algebra A(X) — ® xe xCx by the 
formula: 

(4.47a) X V=Y1 N *yz Cz > 

where the fusion coefficients N xyz are defined by 
(4.47b) N xyz = S ax S ay S az /S av . 

It follows from the above properties of S that the fusion algebra A(X) is 
a finite-dimensional commutative associative scmisimple algebra with identity 
element v and involutive automorphism G. All homorophisms of the algebra 
A(X) to C are labeled by elements y e X and given by 

(4.48) ch y (x) = S xy /S vy (x e X) . 

The positive real number ch v (x) is the relative (= quantum) dimension. 

The basic observation of [V] is that the fusion algebras arising in a RCFT 
have the following fundamental property: 

(d) N xyz e z+. 
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Denote by X a t the set labeling all positive energy irreducible represen- 
tations of the chiral algebra 21(G) with vacuum element v = 0, conjugation 
CA = A c , S*-matrix S af = {S A \>) and T-matrix T a * = e 27 " mA 5 A a> ■ It follows 
from [KP2] that the properties (a)-(c) hold, and it is a very difficult theorem 
established by the efforts of many people that (d) holds as well. Denote by 
Na\'A"(& %+) the fusion coefficients. 

Similarly, let X gr denote the set of all pairs (g,a), where g is a conjugacy 
class of r and a is an irreducible character of T g . Let v = (1,1) be the vacuum 
element and let C(g,a) = ((p 1 ,^) where a c is defined by (4.27b). Let S^-^ 
be the matrix defined by the right-hand side of (4.25) and let (cf. (4.26)): 

(a ac,) r 9r - r 2Wffl/3U cr *(k) 

l4 - 4yj -g^- e ^(i) ' 

It follows from the remarks of the previous section that the properties (a), (b) 
and (c) hold. It can be demonstrated by an appropriate, example of an SU(2) 
subgroup of level 1 (see Example 6.5), that property (d) does not hold in general. 

Lusztig [Lus] studied the "limiting" case of our X gr when in (4.26), (4.27b) 
and (4.49) one sets all (3(b) equal zero and b = g. In this case (d) holds due to 
his interpretation of the fusion algebra as the Grothendieck ring of the category 
of T-cquivariant vector bundles. 

Whenever the center of G is trivial like in the case of E s the fusion rules 
factorize: N xx i x » — Na\> \n N-^t^ -^ a , -^j a „- In particular, for a level 1 orbifold 
like 2li(i?8) r they coincide with the group theoretic fusion rules which we proceed 
to compute. 

The following cubic sum rule tells us that the fusion coefficient 

c _ q_ _ c 

it rn\ «r_ _ g\Q\,ho u g 2 (T2,h(7 u g 3 a 3 ,ha 

ha bl1 ^ 

vanishes unless there are triples gj G <jj, j — 1,2,3 such that <?i<?2<?3 = 1- 

Proposition 4.4. f[Gor] Theorem 2.12) Let gi, i — 1,2,3, be three conjugacy 
classes in a finite group T. The number n.123 of triples gi G gi such that (7152.93 = 
1 is given by 

W123 = jpj 2^ ^^iM^Mffs) ■ 

cref 

In deriving the fusion rules we follow [DV 3 ], but compute explicitly the phase 
factors. 

Theorem 4.5. The fusion rules (4.50) can be expressed in either of the two 
forms: 

(4.51a) flU.Wsoa^E E ^{h)a 2 {h)a 3 {h)n{h\m) 

b,efc,nr h 
616263=1 

(4.51b) JV W2ff2> 5 8ff ,=EiT^-l E vi(h)o- 2 (h)o- 3 (hMh\m) ■ 

n 1 6i,fc 2 hl - r 

<->12 «tl b ± ,b 2 
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Here the multiplier n is given by 

(4.52) A«(/i|£ft) = e2mH E . & = P( h i) > & = ■ 

TTie outer sum in (4.51b) is over different orbits Oyi of pairs (61,62) under 
the adjoint action ofT; the number \0±2\ of such orbits is determined from the 
relation 

\Oi2\\T 12 \ = \T\ . 

The proof uses the form 

(4-53) S_^ ff = J_ Y, *j(hMl>i)e-™ (amk 

b 3 eb 3 nr h 

of (4.25) for the three factors in the numerator of (4.47) and reduces to a straight- 
forward application of Proposition 4.4 (noting the conjugation invariancc of /i). 
(For x 3 = v (the vacuum module) 63 = 1, 0-3 = 1 (/?3 = 0) we reproduce as a 
special case the charge conjugation matrix (4.46): Cg llJlt g 2a2 = N g - iaig2<y2 i 1 .) 

The multiplier (4.52) does not depend on the choice of the phase a of h 
provided it belongs to the stabilizer Qbi,b 2 °f the pair (61, 62) in 0; A* thus defines 
a representation of Tb ly b 2 according to Lemma 4.1 applied to G = Gb 1 , A = /3 2 . 

5. U(l) ORBIFOLDS AS RCFT EXTENSIONS OF Wi +00 

What is now called Wi+00 first appeared as the (unique nontrivial) central 
extension T> of the Lie algebra T> of differential operators on the circle [KP1]. Its 
representation theory (including the classification of quasi-finite positive energy 
representations) was developed in [KM, 2] and [FKRW]. It has also attracted 
the attention of physicists, in particular, the most degenerate 'minimal series' of 
unitary representations of VFi+oo of [FKRW] are being applied in the study of 
quantum Hall fluids [CTZ]. (More reference to both physical applications and 
related mathematical developments are cited in the above papers and in the 
bibliography to [AFMO].) The vacuum 2?-module (corresponding for unitary 
representation to a positive integer central charge c — l) was shown [FKRW] to 
carry a canonical chiral (vertex) algebra structure. The resulting chiral algebra 

Wf+oo was described in [BGT] in terms of a series of quasi primary fields of 

dimension v + 1, v = 0, 1, . . . : 

(5.1a) 

V(z) = 2 O""""" 1 . [L m , V v {z)} - z m (z^j- + (m + l){u + 1)) V v {z) , m = , ±1, 

satisfying local CR such that 
(5.1b) 

[V£, V V n \ = ivm VLn)V££T X + ■■■ + C^y [ m _ u _ 1 ) S m ,-nS^ , C = l. 
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The (quasi finite) irreducible positive energy modules Vp of W^l^ are character- 
ized by I exponents (see [KR1,2]) f = (?*i, . . . , r/) that take real values for unitary 
representations. Each V? has a cyclic minimal energy vector |f) such that 

(5.2) V:\r) = for n = 1, 2, . . . , {V V - v„(r)}\r) = 

where 
(5.3) 

i 

Mr) = ^2 r i , 



In particular V 1 ^) = T{z) so that the ground state energy eigenvalue is v\{r) 



r 



T r 2 - 



(5.4) 

Uo-\A\f) = Q (Lo^K, 1 ), ^(f) = ^r?, «3(0 = ^(rf + lr?). 

^ ' i=l i 

The vacuum 2?-module contains for c = / e N a unique singular vector of degree 
l + l such that the quotient by the submodule generated from this singular vector 
is irreducible [KR1]. This irreducible quotient (together with its chiral algebra 
structure) is isomorphic to a (level I) W{ui) vacuum module — see [FKRW], 
Sect. 5. As a result, any irreducible representation of W^l^ has a canonical 
structure of an irreducible representation of W(m) of level I, and all irreducible 
representations of W(u{) with central charge I arise in this way. 

Any V? splits into a tensor product of a W(su(l)) module of central charge 
I - 1 and a -module. To see this we rescale the u(l) current and split the 

stress energy tensor as in (1.39): 
(5.5a) 

J(z) = -jjV°(z) , T(z) = Tj(z) + T su (z) , Tj = \ : J 2 : (= 1 : (V ) 2 :) , 
(5.5b) [T su (z),J(w)}=0. 

The minimal eigenvalue of the energy of the second term, L^ u is then given by 
the difference 

(5-6) Ip-Uj^rl) =l^(r i -r,) 2 =:^(r) 

\t=l / i<j 

A VK^^-module Vp is degenerate if some of the differences rt — Tj are integer. 
It is maximally degenerate if all r% — rj are integer (such representations are 
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termed minimal [CTZ]); the representation of the second (su)-factor is indeed 
then a limit of the Zamolodchikov-Fateev-Lukyanov TT^ (p)-models of central 

charge c = (I — 1) |l — as observed in [CTZ]. Since every V? can be 

viewed as a tensor product of maximally degenerate (including c = 1) modules 
we shall turn our attention to the case of integer r% — rj . Assume that ri — rj e Z, 
we then arrange the rj's in a decreasing order and denote the set of such fs as 
P+: 

(5.7) P + = {re m!\n > r 2 > ■ ■ ■ > r u n - rj e Z} . 
If we interpret the ordered set A = (Ai, . . . , Aj_i) of differences 

(5.8) Aj=rj-r i+ i, i = 1, 2, 1 

as defining a highest weight of SU(Z), then for the fundamental weights Ai = 
(1, 0, . . . , 0), . . . , A;_i = (0, . . . , 0, 1) the ground state energy eigenvalues (5.6) 
coincide with the level 1 eigenvalues of the sui current algebra 2li(su(Z)): 

(5-9) ^^ ^l + l^ ^rf ~^i=^ 

(which can be verified by a direct computation). It is natural to expect that 
the W(sui) representations of such weights obey fusion rules given by the tensor 
product expansion formulae for SU(Z) (see Conjecture 6.1 of [FKRW]). 

It follows that a CFT with chiral algebra W(su(l)) and a highest weight 
module V? with — rj non-zero integers has an infinite number of sectors and 
hence is not a rational CFT. (We are using here the basic property of any 
quantum field theory to be closed under fusion.) This 'irrationality' can also be 
seen from an analysis of the characters of these representations (computed in 
[FKRW]). The orbifold construction of the previous sections allows to define a 
large class of RCFT extensions of Wi +oa with the same stress energy tensor. 

In fact the embedding of the vacuum module of into the Fock space Ti 

of I free complex fermion fields, used from the outset in [FKRW] and [KR2], does 
provide one such (chiral superalgebra) extension. So does its even (bosonic) part 
which coincides with the level 1 current algebra of the rank I (even) orthogonal 
group 2li(so(2Z)). (Indeed, if we separate the real and imaginary part of the free 
fcrmions writing them as 

(5.10) i 

i>j = "^(W- 1 ~ ^ 2 J') ' i = !' • • • ' ^ thcn J Jfe( z ) = ifA^kiz) {j < k) 

satisfy the commutation relations of level 1 so(2Z) currents. The complex struc- 
ture selects a Cartan subalgebra that includes V a : 

i 

(5.11) W(z)=-.r j (z)^)--=J2 j -i,2 j (z), V\z) = Y,H i {z). 

3 = 1 
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Then we can define as the /7(Z)-invariant subalgebra of 2li(so(2Z)) (u(l)) 

and so(2Z) sharing the same Cartan subalgebra). A more general RCFT ex- 
tension of Wf+oo is provided by the chiral algebra associated with the compact 
group U(l), equipped with a lattice structure Q (see Sect. 1). Here Q is an 
Z-dimcnsional even integral lattice whose sublattice of vectors of length square 2 
includes the (rank I — 1) su(Z) lattice. (The root lattices of rank I semi-simple Lie 
algebras- so(2Z), su(Z + 1), su(Z) su(2)) — appear then as special cases. Note 
that the su(Z) Cartan currents are orthogonal to V° (5.11) (or J (5.5)); they are 



ai, . . . ,ai-i being the simple roots of su(Z). Any of the extensions 2l(Q) of 

w^oo where Q 

is a (rank Z) lattice with the above properties admits a finite set 
of positive energy CFT representations whose characters span a (finite dimen- 
sional) representation of SX(2,Z). All these extensions involve, in particular, Z 
commuting u(l) currents and can be thus related to the approach of Frohlich, 
Thiran et al. to the quantum Hall effect (see [FT] and references therein). A 
large family of intermediate observable algebras is provided by T orbifolds of 
2l(Q) where T is any finite subgroup of U(l). If T is not contained in any proper 
Lie subgroup of SU(Z) then 21 r only involves a single tt(l) current — the one 
belonging to . Such 2l r could be viewed as RCFT extensions of minimal 

W[ l l x models (exploited in [CTZ]). 

We proceed to state the precise results for the Fock space Ti of Z free (complex) 
fcrmions and its orbifolds. 

Theorem 5.1 [FRKW]. The fermion Fock space Ti viewed as a representation 
of the pair {U(l),Wl +00 ) splits into an infinite direct sum of tensor products 



where P + = {r = (n, . . . , n) G 1> \r\ > ■ ■ ■ > r{\, F(r) is the finite dimensional 
irreducible U (I) -module of highest weight r, L(r) is a unitary positive 
energy module with exponents f and specialized character 



(5.14) Xr(r)=tr L{r) q L °-^ =q^V- l (r) ]} (1 - q ^+i-i) . 



The following result is a specialization of Theorem 4.3 applied to the chiral 
algebra 2l(Z') r where Z' is the integral lattice with the standard bilinear form, 
and T is a finite subgroup of U(l). Recall that 2t(Z z ) has a unique irreducible 
representation, hence we may skip the index A. 

Theorem 5.2. Let V be a finite subgroup ofU(l). Write each b G T in the form 
b = exp27r«/3 where i(3 € u(l) is fixed by Adr b - Let {/3i(r)} denote the set of 
eigenvalues of [3 in F(r). Given an irreducible character a of Ft, let 



(5.12) 



H a *{z)=H l {z)-H l+1 {z) , t = !,...,/-! 



(5.13) 



Ti=®p eP+ F{f)®L{r) , 



l<i<j<l 



i 
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where nip^^.^ is the multiplicity of a in the (3 i{f)- eigenspace of (3 in F(r). 
Then the 2l(Z') r -characters can be written in the following form: 

(5-15) xl a (r) = Y "Vv,/3(9)Xr(^) ■ 

r£P+ 

All these characters are modular functions and their C-span is invariant under 
the transformation ri-i-i. 

In particular, for b = T, we have (3 — and all mf? CT| g (q) G Z + and we 
find the characters of untwisted orbifold modules, which, unlike \r are modular 
functions of r. This special case of Theorem 5.2 provides a family of solutions 
to the following problem: find non negative integers n(r) such that 

Y n(r)Xr(T) 
PeP+ 

is a modular function of r. Each pair T C U{n) (Y finite subgroup), a e T gives 
a solution to this problem with n(r) = nf,(r) being the multiplicity of a in F(r) 
viewed as a T-module. 

Proof of Theorem 5.2. In view of (4.4) and (3.18) we can write 
(5-16) X ^( T ) = -L v*{a)x{T,a-r3T,\{(3\(3T)), 

a— cxp 2iria 
[a,/3]=0 

where, due to (5.13) 

(5.17) X (r, z, u) = e 2 ™ ]T Xr(r)tr F(rl e 2 ^ . 

feP+ 

Hence we have: 

(5-18) X £» = £ Xr(r)q^ Y ^{a)tr F ^{a q -P) . 

feP+ aer b 

Since Tf, fixes /3, each eigenspace of (3 in F(r) is IV invariant. The contribution of 
the (3i(r) -eigenspace to the inner sum of (5.18) is clearly equal mp a . f 3i ^q~ l3i ^ r \ 
This proves (5.15). □ 

Remark 5.1. Theorem 5.2 can be generalized to any simply laced simple Lie 
algebra q of rank I and A e Pr_. Namely, formula (5.15) holds for any non- 
exceptional element b, where the sum is taken over A e (A + Q) fl P|, and (see 
[Kl], Exercise 12.17): 

Xx(T)=q^V- l (T)H(l-q^^) . 

a>0 
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We have: 

(5-19) Xlb,»= E rn x ^{q)xx{r) . 

Ae(A+Q)nP+ 

The character XA<rb( T ) * s a modular function and their C-span is SX 2 (^)- 
invariant provided that T is a non-exceptional finite subgroup of our simple Lie 
group. 

Remark 5.2. Taking T = {1} in Remark 5.1 we arrive at the following curious 
identity by comparing two expressions for T-orbifold characters for each weight 
A and real number m: 



|{AeA + Q|(A|A)=m}|= £ JJ 



(\ + p\a) 



xeA +Qa >o 

(A|A)=m 

6. Examples. 

6 A Lattice current algebras for c = 1. 

The simplest (c = 1) case of a lattice current algebra is worth singling out for 
at least two reasons: (1) the basic ^-functions encountered here also appear in 
the SU(2) affine orbifold model; (2) the lattice part of a U(l) orbifold encountered 
in a Wi +OQ theory is of this (U(l)— )type. 

A 1-dimcnsional lattice L = TLlo is characterized by a single natural number 
m = |w| 2 ; we shall denote 2l(L; |w| 2 = m) by 2l(m). Note that m is twice the 
dimension of the basic charged fields Y(e ±ul ,z), while v(z) — m^^uj(z) is the 
corresponding u(l) current (see Sect. IB). The dual lattice is L* = Jjio* where 
(oj*\u>) = 1 => \u>*\ 2 = — . The factor group L* / L is the cyclic group of order m; 
there are, correspondingly, m untwisted modules whose weights will be labeled 
by minimal length representatives 

(6.1) vuj*eL*/L, !^_1< M <^, MG z. 

The specialized character of the positive energy 2l(m)-module (of ground 
state \fiuj*)) is given by (see [DFSZ] [PT]) 

(6.2) Kft (r,m) = ^e^(r,0,0) = ■ 

This set spans a representation of SL(2,Z) in the case of a bosonic algebra (m 
even) and requires supplementing it with Ramond sector (Z2 twisted) modules 
corresponding to half-odd integer /u's in the interval (6.1) for m odd and splitting 
each integer \x character into two (corresponding to summing over even and odd 
n's in (6.2)). 

For m — 2s even the modular transformation law for is given, according 
to (3.15), by 

(6.3) A^(t + 1, 2s) - e^-^K^r, 2s) 
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(6.4) K J-±2s}=-}= £ e-^K^s). 

Example 6.1. A Zjy-orbifold o/2t(m) is given fry me c/iiraZ algebra *Ql(N 2 m) (and 
its positive energy modules). If indeed we introduce the inner automorphism 

(6.5a) 2l(m) 9 A -» EMC/- 1 , [/ = e 2 ™^ 



(6.5b) C/e^J/- 1 = e^'^e" (UJ(z)lJ- 1 = J(z)) 

(J being the m(1) current J(z) = y(t _1 ^,z), cjg = ^7= Jo, cf. Sect. IB), then 
the vertex operators F(e ±Arw , z) generate the gauge invariant subalgebra 

(6.6) 2l(m) z ~ = %{N 2 m) . 

The Z2-orbifold of 2l(m) with m odd has an even gauge invariant subalgebra 
2l(4m). The representation theory of 2l(m), m = 2p+ 1, p £ Z + , can be deduced 
from this remark. 

Example 6.2. Modular properties of characters of QL(m — 2p + 1) derived from 
those for 2l(4m). The characters K^t, m), m odd, /i = mod m are ex- 
pressed in terms of K„(t, 4m) as follows: 

(6.7) jr„(T, m) = K 2ix {t, 4m) + ^+2m(T, 4m) . 
The periodicity relation 

(6.8) K v+m (r, m) = K v (t, m) 

allows to replace (if necessary) the indices in the right hand side of (6.7) by equiv- 
alent ones in the canonical interval (6.1). The resulting SL 2 (Z) transformation 
properties of K^t, m) then read 

(6.9a) K„( T + l,m) = eM^"") {K 2 ^r,4m) + (-l)^ +m K^ +2m (r,4m)} 



(6.9b) 



/ i \ i m 
Kt--,m\=— J2 e- 2 "^ m ]f 2 „(r,4m) 



u—l — 'm 



— y 



e ™ K v {T,m) . 



v mod m 



Thus, for m odd, only the entire set of 4m characters if„(r,4m) is closed under 
SL 2 (Z). The original set {K^(T,m), G Z/mZ}, corresponding to the Neveu- 
Schwarz sector of the supersymmetric theory, is however invariant under the 
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subgroup of the modular group generated by T 2 (r — > r + 2) and 5. It is remark- 
able that the diagonal partition function (in which we restore the dependence 
on the u(l) variable z), 

(6-10) Z(t,z)= Xnm(T, z)x» m (r, z) 

(j, mod m 

where 

(6.11) X,m{r,z) ^jAMc^ 

n 

is related to the Laughlin plateaus of the quantum Hall effect (corresponding 
to filling factor v = ^, charge an d fractional spin J = |^,ti £ Z — see 
[CZ]). (The characters used in [CZ] differ from (6.11) by a non-analytic factor, 

exp{— -^ ^^l } corresponding to a modified Hamiltonian and ensuring invari- 
ance under z — > z + r.) 

Example 6.3. Charge conjugation orbifolds. The involutive lattice conjugation 

(6.12) C L : e w -» e" w , J — > — J 

provides, for m =/= 2, an example of an outer automorphism of the chiral algebra 
2l(m). Our construction of orbifold modules does not apply, strictly speaking, 
to this case. Nevertheless, it is easy to construct a modular invariant set of Cx- 
orbifold characters. We shall write them down for the bosonic (m = 2s, s € N) 
case. 

The CL-orbifold chiral algebra %l(2s) c ' L is generated by a single primary field 
4> = 4>(z, u) with respect to its 21(5(8 1) C ' L subalgebra, the real part of the vertex 
operator Y(e u , z): 

<t>{z i u,) = ±={Y[<r,z) + Y(e-",z)} . 

Here 21(5® 1) is the u(l) chiral current subalgebra corresponding to the subspace 
5(8)1 (1.16). The operator product expansion of two 0's involves the stress energy 
tensor T and the Virasoro primary field : J 4 (z) : that generates 21(5(8 l) Ci • The 
chiral algebra splits into a C^-even and a C^-odd parts. The vacuum module 
character splits, accordingly, into two pieces: 

(6.13a) K (t, 2s) = K+(t, 2s) + K^{t, 2s) 

where 

(6.13b) K±(t,2s) = ^{K (t,2s)±(K (t,8)-K 4 (t,8))} . 

The difference of Z2 twisted level 1 characters (that appears in parentheses) 
can be written in the form 

(6.13c) K (t, 8) - K a {t, 8) = -L ]T(-g)" 2 . 
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Each pair of representations of weights ±fiu* of %{2s){\lo*\ 2 — ^) for 1 < 
H < s — 1 gives rise to a single representation of the gauge invariant subalgebra 
%1(2s) Cl . The characters Kq (6.13), being expressed in terms of K^, have known 
modular transformation properties; in particular, 

(6.14) 

^(--.2*) = -)={k+{t, 2s) + Ko(t, 2s) + K s (t, 2s) 

T l\ 2s <■ 



+ 2j2K^r,2 S )}±^=(K 1 (r,8) + K 3 (r, 8) ) . 

u=l V 



Analyzing this relation together with the unitarity requirement for the 5-matrix 
one concludes that there are altogether s + 7 inequivalcnt representations of 
2l(2s) c ' i (see [DV 3 ]) corresponding to s + 3 untwisted and 4 twisted orbifold 
modules. The fi = s 2l(2s)-module splits, in particular, into two *QI(2s) Cl - 
modules with the same specialized character 

oo 

(6.15) -K s (T,2s) = -J2q s{n+ ^ 

Similarly, there are two pairs of twisted representations with characters /Q(r, 8), 
i = 1,3, each Ki appearing twice (with a coefficient ±5^75) in (6.14). 

For s = 1 the model reduces to a Z2 affinc orbifold. For s = 2,3,4 and 6 
it has been identified with known models in [DV 3 ]. We conjecture that these 
Ci-orbifolds can be shown to exist for all values of s using the vertex operator 
construction of Sect. 1A. 

6B. SU(2) orbifolds. 

The finite subgroups of SU(2) being thoroughly studied, 1 the 2lfe(su(2)) orb- 
ifold characters and their modular properties can be worked out quite explicitly. 
Noting that the Cartan subalgebra of su(2) is 1-dimensional we can express 
its elements a, (3, 7, A by (rational) numbers identifying each of them with the 
coefficient to A x = icr 3 (aj are the Pauli matrices — see (6.23)); then 

(6.16) 

| 7 -/?| 2 = i(2n+^-/?) 2 , neZ, A = 1 - k, . . . , 0, 1, . . . , k , 

The character (4.36), (3.18), (3.3) can be written in the form 
(6-17) 4a»= E 

X=l-k 
A-Ae2Z 



1 For a modern treatment based on the McKay correspondence — see [Kos]. 



42 



where 

(6.18) ef, fe >) = ]r^ 2 "+--«WA, 

m6Z 



(6.19) * 2fcn+A = -L £ tr . (fe)e i T (2 fcn +A)a . 

tr 2 cos 7ra 

For 6 7^ 1 and non-exceptional, r& is abelian and h can be assumed diagonal. 

We have treated in Sects. 2, 3 and 6A the case of a Zat orbifold (as an 
automorphism group of 2l(SU(2)), Zjv appears as a subgroup of SO(3); T in 
this case should be identified with its double cover Z 2 at C SU(2)). Each Zjv 
automorphism group leaves a u(l) (Cartan) current invariant. The remaining 
non-abelian subgroups o/SO(3) can be described as groups on two generators, s 
and t, obeying three relations: 

(6.20) s" 1 = t" 2 = (st) n3 = 1 , -1 + ^ + ^ = 1 + > 1 

ni n 2 n 3 |Ad T| 

(ni, n 2 , n.3 are natural numbers and we denote the group unit by 1). The double 
cover T(c SU(2)) of Ad T is again generated by two elements s and t but the 
group unit in the first relation (6.20) is replaced by the non-trivial central element 
e of SU(2): 

(6.21) s,ter^> s ni = f 12 = (sty 13 = e, e 2 = i(|r| = 2|Ad r|) . 

Example 6.4. The Ms C SU(2) orbifold. The abstract group of quaternion units 
has 8 elements, {l,e,qi,sqi,i = 1,2,3}; they obey multiplication rules qf = e, 
<Zi<Z2 = 93 which fit (6.21) with m = ra 2 = ri3 = 2. It corresponds (according to 
McKay) to the affinc Dynkin diagram d[ 1} (see [Kl] Chap. 4, Table Aff 1). The 
dimensions of its non-trivial representations coincide with the coefficients a,j in 
the expansion of the highest root 9 of D 4 in terms of simple roots: 

(6.22) 6 = a 1 +2a 2 + a 3 + a 4 . 

We shall denote the (equivalence classes of) irreducible representations (IR) of 
Ms by the simple roots <x v of (an, corresponding to the trivial representa- 
tion). Then a 2 maps Ms into a subgroup of SU(2): 
(6.23) 

ot2(qj) = \o-j , j = 1,2,3 J) ' CT3= (o -l) ' CT2 = i<7l<73 ) • 



We reproduce in Table 1, for reader's convenience, the character table for T = Ms 
also indicating the centralizer r g of an element in each conjugacy class (CC). 



Table 1. V = H%: characters and centralizcrs. 
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\ cc 
IR \ 


1 
1 


£ 


£( Zl} 


{<Z2, £92} 


{937 £93} 


a 


1 


1 


1 


1 


1 




1 


1 


1 


-1 


-1 


a 2 


2 


-2 











a 3 


1 


1 


-1 


1 


-1 




1 


1 


-1 


-1 


1 




r 


r 


z 4 


z 4 


z 4 



Using Table 1 and symmetrizing with respect to 2kn + A we compute the sum 
(6.19) for the untwisted characters (i.e., for T g = T, /3 = 0): 



M 2fol+ A = i[i + (-i) A ][i + 3(-i) fe V], 

(6.24) ( aj ) 2fol+ A = i[l + (-l) A ][l-(-l) fc V] , j = 1,3,4, 

M 2fc „ + A = i[i-(-i) A ] • 

Inserting these expressions in (6.17), (6.18) we recover for k = 1 the characters 

(6.13) of the C L -orbifold for s = 4: 

(6.25a) 

fc = 1 : Xo,i,a W = Et 1 + 3 (- 1 )"]^ 2 = *o + fr 8) , 

X0 ^ (r) = 2^^ (2n+1)2= ^ 4(T ' 8) ' 3 = 1 ' 3 ' 4 ' f » = ' 1 . 

XM,« 2 (r) = tt^gi(^) 2 = if 2 (r,8) (= ^i(r,2)) , 

where 

(6.25b) K+(r,8) = ^o(r,8) - ^K 4 (t,8) . 
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The characters of the ^-twisted orbifolds are also computed from (6.17), 
(6.18) for P = 5 and <j{qj ) = i afl (qj, M € Z/4Z is the general form of an 
element of the centralizer Z4 of qj). Equation (6.19) then gives 

(6.26) *2kn+x = \ E i 2kn+X -° ] » = 1 + ( ~ 1)A ' CT [1 + (-l) kn i x -°] , 

(X mod 4 

reproducing, for k = 1 the C_L-twisted characters of 21(8): 

Xo >9 -„o(r) = Vq^ 4 "-^) 2 = ^(r,8) = Xi,^,i(t) , j = 1,2,3 , 

(6.27) 

Xo,^,2(r) = K 3 (t,8) = xi,^ -l ■ 

(We label throughout the irreducible representations of Z4 — and their charac- 
ters — by the exponents a = 0, ±1, 2.) 

The number of incquivalcnt orbifold modules of a level 1 current algebra (for 
a simple g) is 

(6.28) JV(TcG;fc = l) = i±|X;|f fl |. 

In the case at hand it is ^(5 + 5 + 3 x 4) = 11 thus coinciding with the number 
s + 7 of CL-orbifold modules for s = 4. 

Equations (6.24) and (6.26) also allow to compute orbifold characters for 
higher levels; in particular, for k = 2,g = 1, we obtain (expressing the string 
functions in terms of the branching coefficients b^ = i] l c^ 7 for a rank I g - 
see [Kl] Sect. 12.12): 

XA,i,-o(r) ^ j<(r)£? 2 " 2 - ±tf(r) £ } 
= b£(T)K Q ( T ,4) - i^(r)X 2 (r,4) , A - 0,2 , 



(6.29a) 



(6.29b) XA,i, aj (T) = ±b£(T)K 2 {T,4), j -1,3,4, A = 0,2 



(6.29c) Xi,i,a 2 (r) = bK^K^rA) (since = b^ x ) . 

Similarly, using (6.26), we can evaulate the twisted characters. For those per- 
muted by the action of the centre we find 

on , Xo,^,o(r) = 6g(r)A-i(r,4) = X2^,2(r) , 

(6.30a) 

X2,^,o(r) = ^(r)A-i(r,4) = Xo,^, 2 (r) , j = 1,2,3 . 
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The remaining twisted characters are split by the action of the centre, and we 
only obtain their sums: 

Xl 6 ,iW +X MV W = b\(T)K (T,4) , 

(6.30b) 

= b\{r)K 2 {rA) ■ 

Here the branching coefficients can be expressed in terms of the Virasoro char- 
acters Xa(t, c) of the Ising model (corresponding to c = |, A = 0, ^,5): 

b°o(T)=bj(T)= X o (t,\ 
(6-30c) bl{T)=b%{T)= Xh {T,\), 



b 1 1 (r)=b 1 _ 1 (T)=X± (r,l) 



It follows from (6.29) and (6.30) that there are 2x4+1 = 9 untwisted and 3x6 = 
18 twisted level 2 orbifold modules or altogether 27 2t2(su(2)) Jtfs -representations. 

Example 6.5. Group theoretic S -matrix and fusion rules for M 6 C SU(2) and 
for H 8 C SU(2) C E$. The simply connected compact group E s is singled out 
(among the Lie groups with simple simply laced Lie algebras) for having a trivial 
centre. The corresponding current algebra has a single level 1 representation, 
the vacuum 2li(_E 8 ) module; the modular S-matrix is then the identity operator 
(multiplication by 1). Hence, if T is a (non-exceptional) finite subgroup of E% 
then the L c Eg group theoretic S-matrix coincides with the 2li(ii«) r orbifold 
S-matrix. The possiblity to embed the pair M% C SU(2) in E$ thus provides an 
additional justification for the study of the group theoretic S'-matrix per-se. 

We observe that the S'-matrix elements depend on both the Lie group G 
containing the pair M 8 C SU(2) and on the level of embedding of SU(2) in G 
which is defined as follows. Let the bases in su(2) and g be chosen in such a 
way that the Cartan generator H of su(2) is expressed as a linear combination 
of the Cartan generators H l with non-negative integer coefficients m t : H = 
Si=i m iH l . Then the integers satisfy the quadratic relation 

j 1 1 

- J2 m^mj =J2m j =:N , 

where, for a simply laced g, (ay) is its Cartan matrix. The positive integer TV is 
the level of embedding of su(2) in g. 

For a level 1 embedding the S-matrix elements involving at least one non- 
exceptional entry are independent of G. In the case of Hg the phase factor in 
(4.25) for a non-exceptional b and an arbitrary g is only non-trivial if both b and 
g belong to the same conjugacy class qj. We shall then set 
'(6.31) 



Ke m q 3 ) = K — A ^ 3 => cxp{-2Trik(f3(e m q 3 )\f3(e n qj ))} = expj(-l) 



m+n 
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Omitting the upper index /? on S (for this fixed choice) we obtain 

(6.32a) 48^,%* = {-l) ma a^ qj ) 

(6.32b) 

!^{e-.* + (-ir-'e<»} = c„{(. + ✓-*)=} 



(In computing the sum in the 2 elements 6 = of the conjugacy class qj in the 
expression (4.25) for S it is important to change at the same time a according 
to (4.12). This yields (6.32b).) 

The only G dependence appears if the central element e of T is present in 
both entries: 



(6.33a) 8S e m Q e „ a „ = p^k^nS^+mS^^s^+s^ _ ^ ._ £ 



2H/3(e)| 2 



where /3(e) = if G = SU(2), or, more generally, if it is an exceptional element 
of T C G, while 

(6.33b) Pe = -iifr /J(e) =r e 

(in a level 1 embedding). It turns out that the fusion rules involving a pair of 
qj and an e are integer iff e is a regular element of V C G (i.e., if (6.33b) takes 
place). Indeed we have 

AT 1 + (-1)2+2+^ m , OjMj) Q1-Q2 

Ng jai< g ja2<lati = " 0^(1) + y COS 7T , 

which is a k independent non-negative integer, but 

at- - - 1 a (1) ggfa) cos ( *z£j~ ^ 

which is only integer for odd k if p e = — 1. 

Remark 6.1. Equation (6.33b) always takes place for a level 1 embedding 
SU(2) C £g. In spite of the fact that e is an involution (e 2 = 1) and ev- 
ery involution in Eg is exceptional (as a consequence of the description of fi- 
nite order automorphims of a simple Lie algebra presented in Appendix B) e 
is not exceptional in T C SU(2) C Eg whenever SU(2) is generated by a pair 
of opposite roots of Eg — which is always the case (up to conjugation) for a 
level 1 embedding. In other words (-Es)/3( e ) is strickly smaller than (Eg)s but 
SU(2) n (E , g) / 3( e ) = SU(2) n {Eg) e . By contrast, for the maximal embedding 
SU(2) C Eg given by 

8 

E = Y,E ai , H = 2p, 

i=l 



47 



e is exceptional in V C E$. However, the level of this embedding, 

N = 2{p\p) = g' dim£; 8 /6 = 1240 , 

is divisible by 4, hence the group theoretic fusion rules (with /3(e) =0=1 — p E ) 
coincide with those of the Grothendieck ring proven to be non-negative integers 
in [Lusl]. We have an exceptional subgroup T C SO(3) C E$ in this case. The 
image of any 4-th order element of T C SU(2) is an involution whose centralizer 
in SO (3) is disconnected (see the discussion at the end of Appendix B). It is 
likely that at least in the case when orders of all elelments of T divide N the 
corresponding twisted orbitold modules do exist and the resultuing modular S- 
matrix coincides with the one for the Grothendieck ring. To compute the fusion 
rules for the 2l fe (SU(2)) r orbifold we shall use the (non-factorizable) \X\ x \X\ 
S'-matrix of the full theory. 

For the level 1 orbifold ordering the states as (A, b, a) = (0, 1, a„), v = 0, 1, 3, 4, 
(1,1, a 2 ), (0,<&,0)(~ (1,^,1)),(1,^,-1)(~ (0,qj,2)),j = 1,2,3, we can write 
the 11 x 11 S- matrix as 



2V2S 



- 1 


1 


1 


1 


2 


2 


2 


2 


1 


1 


1 


1 


2 


2 


2 


2 


1 


1 


1 


1 


2 


2 


2 


2 


1 


1 


1 


1 


2 


2 


2 


2 


1 


1 


1 


1 


1 


1 


-1 


-1 


1 


1 


-1 


-1 


1 


-1 


1 


-1 


1 


-1 


1 


-1 


1 


-1 


-1 


1 


1 


-1 


-1 


1 



1 
1 

-1 
-1 



V2 
-V2 











1 


1 


1 


1 


1 


1 


-1 


-1 


-1 


-1 


-1 


1 


1 


-1 


-1 


-1 


-1 


-1 


1 


1 

















-V2 














V2 

















V2 


-V2 











-V2 


V2 

















V2 


-V2 











-V2 


V2 



The resulting fusion rules differ, in general, from the group theoretic ones even 
for admissible entries. We have, for instance, 



Nog.o.A^-A.iic^ = 1 for A = 0, 1 , while Ng j0 , qj - A, la 2 = 



1 + 



OgjO,lg 3 -l,01a M 



for p ^ 2 . 
while Nq.Q, q~j — 1, lap — for p ^ 2 . 



Example 6.6. The 2l 2 (su(2)) H8 orbifold and its Clifford algebra extension. The 
study of level 2 SU(2)-orbifolds is simplified by the observation that 2l 2 = 
2l 2 (su(2)) is the even part of the Clifford algebra CI3 of 3 anticommuting Major- 
ana- Weyl spinor fields ipj{z), j = 1,2,3. Indeed, the A = 2 2l 2 -modulc is gen- 
erated by an "isotopic triplet" of primary fields of dimension Aa = ^A(A + 2) 
(for A = k = 2, h = k + 2 = A), the Virasoro central charge being c = 3^ = |. 
The fields ipj(z) are single- valued in the vacuum (Neveu-Schwarz) sector and 
satisfy the canonical anticommutation relations (and hermiticity) 



[i/)i(z),i)j(w)]+ =6ij5(z- w) , V,*=^j, i,3 = 1,2,3. 
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The Z 2 graded algebra CI3 (with odd generators ipj(z)) provides a superconfor- 
mal extension of 2l 2 whose SU(2) invariant subalgebra is generated by the A = | 
partner 

(6.34a) G(z) = iM*)Mz)M*)(= G *( z )) 

of the stress energy tensor 

(6.34b) T(z)=T 1 (z) + T 2 (z)+T 3 (z) , Tj(z) = ^ : [dipj(z),ipj(z)] 

which can be viewed a as composite of two G-fields. The generator G(z) of the 
super- Virasoro algebra is a primary field with respect to T but not with respect 
to 2l 2 ; its commutator with a Cartan current is 

[J(z), G(w)} = S'(z - w)Mw) fOT J ( z ) = -ii>i{z)i>2{z) ■ 

It intertwines the A = and A = 2 Neveu-Schwarz modules mapping the A = 1 
Ramond sector into itself. 

Each subgroup T of SU(2) acts on Cl 3 by automorphisms which form the 
adjoint group 

(6.35) Ad r = T/Z 2 C SO(3) ; for T = H 8 , Ad v = Z 2 x Z 2 . 

In the (orthonormal SO(3)) basis {ipj} the non-trivial elements Ej = a 2 (gj) 
of Z 2 x Z 2 act as diagonal matrices: 





















-1 


• 






1 


• 


: 









v 








(6.36) £i= 0-l , £ 2 = 1 , E 3 = E X E- 



The Adr(= Z 2 x Z 2 ) invariant subalgebra Cl\ (T = H 8 ) of the CI3, superalgebra 
is generated by G and by the individual stress-tensors Tj of the 3 "Ising mod- 
els" (associated with each ipj) — see (6.34b). The 3 commuting (A = 2) field 
operators Tj(z) give rise to the even part 2t 2 of this superalgebra. Its positive 
energy representations are tensor products of irreducible representations of the 
3 (minimal) Ising models. There are, as expected, 3 3 = 27 such 2l 2 orbifold 
modules. In particular, the characters of the fixed point modules split into a 
sum of two irreducible characters: 

Xi,«,i(r) = b\{r)K {r,A) = b\{j) |[6°(r)] 2 + [6§(r)] 2 } , 

(6.37) 

Xi^.-i(r) - b{(r)K 2 (r,A) = 2&}(r)6 2 (r)6°(r) . 

The asymptotic dimensions of &i(&o) 2 f° r A = 0, 2 indeed coincide, (the quan- 
tum dimension of the (c = i, A = |) module being 1. Here we have used the 
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expression (6.30) of the Ising model characters in terms of the branching coef- 
ficients. The remaining orbifold modules are identified in the tensor product 
(Ai, A 2 , A 3 )(Ai = 0, jg, h) of three Ising modules as follows: 



(0,1, ai) 
(0,1, a 3 ) 
(0,1, a 4 ) 
(1,1, a 2 ) 
(0,91,0) 

(0,92,0) 

(6.38a) (0,93,0) 



(0,l,a ) = (0,0,0) 
1 1 



= 



2' 2 



1 1 



.0 



1 1 1 
16' 16' 16 



16'°' 16 
1 1 
16' 16'° 



(2,l,a ) 
(2,l,ai) 
(2,1, as) 
(2,1,04) 

(2,91,0) 
(2,92,0) 
(2,93,0) 



1 1 1 

2' 2 

^,0,0 



0,^,0 



1 



0,0, 



1 1 1 

2' 16' 16 
1 1 1 

16' 2' 16 
1 1 1 

16' 16' 2 



the reducible (fixed point) modules with characters (6.37) split according to the 
law 



(l,g 1 ,l)=(_,0,0] + (-,-,- 



(6.38b) 



16 

1 1 



1 1 1 



(l,9i,-l)= 7^o>° + 77>°>o 



16 2 



1 



1 



16' 



etc. 



The 2l 2 8 S'-matrix is the tensor product of 3 Ising model S-matrices of the form 

(6.39) Rising = 




We note that while Siq 1<7 .iq 2rT > — according to (4.25) (since the conjugacy 
classes q\ and qi do not contain commuting elments) the corresponding split 
S'-matrix elements do not vanish: 



(A,,A,) = (0,0) 



/ 1-1-1 IX 
-1 1 1-1 
-1 1 1-1 

V 1-1-1 1/ 

1 1 

2' 2 



1 



,0 
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Note that the sum of 2l2~ m °dules in each line of equation (6.38) is irreducible 
with respect to the conformal superalgebra Cl\ . The characters of the subset 
of Neveu-Schwarz modules spanned by the direct sum of A = and A = 2 
representations give rise to a 7-dimensional representation of the subgroup r (2) 
of 51/2 (Z) generated by T 2 and 5. In particular, the Neveu-Schwarz 5- matrix 
is 



(6.41) 



Sns 



f 1 


1 


1 


1 


2 


2 




1 


1 


1 


1 


2- 


-2- 


-2 


1 


1 


1 


1- 


-2 


2- 


-2 


1 


1 


1 


1- 


-2- 


-2 


2 


2 


2- 


-2- 


-2 











2- 


-2 


2- 


-2 











V2- 


-2- 


-2 


2 











The importance of this example stems from the fact that it has a bearing on other 
SU(2) orbifold models. The three conjugacy classes of imaginary quaternion 
units {±qj,j = 1,2,3} of Hs combine in a single 6-element conjugacy class in 
the binary tetrahedral group A4 which in turn is a part of a 12-elcmcnt conjugacy 
class of the binary octahedral group 54 and of a 30 element class of the binary 
icosahedral group A5. Here 5„ is the permutation group of n letters, A n is its 
alternating invariant subgroup, G C SU(2) denotes, in general, the double cover 
of a subgroup G of SO(3). In all three cases the centralizer T qj of an element qj 
of this conjugacy class is Z4. Hence, the reducible character Xi^ct is the same 
for all three orbifold modules and splits in the same way — according to (6.37) 
— for all three binary polyhedral groups. There are no other conjugacy classes b 
in either A4 or A$ such that both b and eb belong to b. Futhermore, for all finite 
SU(2) subgroups V the Neveu-Schwarz module of CZ3 contain no fixed points 
and give rise to a r°(2)-invariant subset of characters. Furthermore, a similar 
argument extends to a level n representation of SU(n) which also involves fixed 
points of the action of the centre. Indeed, there is a conformal embedding 

2t„ = 2l„(su(n)) C 2li(spm(n 2 - 1)) = ^{n 2 - l)j 

allowing to extend an 2l£ orbifold to a Cl^ 2 _i -orbifold. 

The k = 1 tetrahedral (A 4 C SU(2)) orbifold and its fusion rules are displayed 
in [DV 3 ]. The octahedral (5 4 C SU(2)) and the icosahedral (A 5 C SU(2)) 
orbifolds can be studied with equal ease. We shall reproduce in Table 2 for a 
later reference the character table for the 120 element binary icosahedral group 
A§ (associated with under the McKay correspondence). 

Equation (6.28) implies: N(A 5 C SU(2);fc = 1) = 1(9x2 + 10x4+6x2+4) = 
37. It is a straightforward exercise to write down, using Table 2, the characters 
of 2ti(su(2)) A \ 
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Table 2. Characters of A 5 = A5/Z2 and of its double cover T = A 5 . 



\ IR 

cc \ 












1 




{P 2 ,P 3 } 


{t,*2} 


E = a 2 (q) 


a 


1 




1 


1 




1 


1 




3 




x_ 







-1 




5 














1 


1 




4 




-1 


-1 


1 





a s 


3 


X- 


x+ 





-1 


{M)g 


A 5 


Z 5 


Z £ 




z 3 


Z 2 x Z 2 


\ IR 

cc \ 


1 £ 




P A 








i 2 


q 


ai 


2 -2 


x+ 


-x+ 


— .T_ 


X_ 


1 


-1 





a 3 


4 -4 


1 


-1 


-1 


1 


-1 


1 







6 -6 


-1 


1 


1 


-1 













2 -2 




— X— 






1 


-1 







r = I 5 


Z10 


Z10 


z 6 


z 4 



A 5 = o 2 (Ab), x± = T = ai(i 5 ) - A 6 , p 5 = t 3 = q 2 = e, 

9 E& = 2(ai + a 7 ) + 3(a 2 + a 8 ) + 4(a 3 + a 6 ) + 5a 4 + 6a 5 . 
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6C. A LEVEL 1 SU(3) ORBIFOLD. CHARGE CONJUGATION 
ASSOCIATED WITH A NON-ABELIAN CENTRALIZER. 

We shall consider the subgroup T of SU(3) of order |T| = 1080 which is a non- 
trivial central extension of the simple alternating group Aq : 1 — > Z3 — > T — » 
A e — > 1. It is generated by the (60 element) isoahedral group A 5 C SO (3) and by 
one more element of order 2. In a basis in which a selected Z2 x Z2 subgroup of 
A 5 (see Table 2) is generated by any two of the matrices Ei (= a 2 (qi), i = 1, 2, 3) 
given by (6.36) while the generators of its Z 3 and Z 5 subgroups are chosen as 



1 



X- 1 — x + \ , / — x_ 1 — x + 



(6.42) t = - 1 s + -a:_ , p = - -1 .t+ -a:. 
ya; + a;_ — 1 y \ x + — £_ 1 

where t 3 ~ p 5 = (tp) 2 = 1, tp = E2, and the additional involutive generator E4 
of T is given by (uo 2 + u + 1 = 0): 

/0 w 0\ 

(6.43) B 4 = - w , £f = 1 = (£ 3 £ 4 ) 2 . 

\o iy 

It is the 360 element factor group A$ = T/Z^ that acts by non-trivial automor- 
phisms on the su(3) current algebra. There are 17 conjugacy classes of T versus 
7 of Aq. Both are listed in the combined character table below (see Table 3). 

We observe that to each of the first 5 conjugacy classes in A§ correspond 3 
such classes (of the same size) in V while the last two are mapped into classes 
of triple size: \tr\ — 3|?a 6 | = 3 x 40(= \i' T \). The essential difference between 
Aq = r/Zs and the subgroups T/Z2 of SO(3) is the presence of elements E(G E) 
with a non-abelian ccntralizer IV Table 4 is its character table (E$ = E3E4, 
q = E 4 E 2 , q 3 = E 2 E 4 ). 

We note that the centralizer Z4 of q in Aq is a normal subgroup of T$. 

There are (according to (6.28)) altogether ± J2 S cr \^g\ = 17 + 3 - 15 + 12 + 
3 + 3 = 80 level 1 T C SU(3) orbifold modules. Although it is not practical to 
write down the 80 x 80 5-matrix, one can extract the relevant information about 
E- twisted orbifolds. 

The multipliers (i(h\ A) gi ye r i se to a new notion of conjugation whenever 
the class E of involutions labels a sector. To display this fact we first observe that 
the set of (45) 2 pairs (E,E') splits into 9 different orbits displayed in Table 5. 

The stabilizer Te,e>e of the pair E, E'E in T is the direct product of the cen- 
tral subgroup Z3 with the above T^ E , E C Aq. To verify the data of Table 5 one 
needs to construct a representative pair in each orbit. The number of elements 
of such an orbit is \A e \ = 360 devided by |r^ E , B |. For instance, the orbit Op is 
obtained by conjugation of the pair (E p , E\) where 

^ / -X- 1 x + 

E p =p- 1 E 3 p= -( 1 -x+ -x- 



ExEp = E 2 p x E 2 ep [x± = 



x + —x- — 1 
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We shall now prove that the oppositely ordered pairs {E 2 ,Ei) and (E4,E 2 ) 
belong to different orbits Oq although they belong to the same SU(3) orbit. To 
this end we construct the most general u G SU(3) such that 

(6.44a) uE 2 u* = E t , uE 4 u* = E 2 ; 

it is given by a 2 (real) parameter family. 
(6.44b) 

(ui u 2 0\ 
~(u 2 C"i with |C| 2 = 2|ui| 2 = 2|u 2 | 2 = 1 , 2( Ul u 2 = -u . 
o o c7 

Table 3. A & C T: Zero versus non-zero triality representations 
Table 3a. A 6 . 



\ cc 
IR \ 


l 


E(E 2 = 1) 


q(q 2 G E) 


p(p b = 1) 


p2 


i(t 3 = 1 = t' 3 ) 


if 


1 


l 


1 


1 


1 


1 


1 


1 


5 


5 


1 


-1 








2 


-1 


5' 


5' 


1 


-1 








-1 


2 


8 


8 








X+ 




-1 


-1 


8' 


8' 








X- 


x+ 


-1 


-1 


9 


9 


1 


1 


-1 


-1 








10 


10 


-2 











1 


1 


(40, 


A 6 


r 8 


z 4 


z 5 


z 5 




z 2 
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Table 3b. f. 



\ 






co 2 












co 2 q 


















\cc 
IR\ 


1 


CO 


E 




C0 2 E 


q 


coq 


p 


cop 


ui 2 p 


p2 


cop 2 


co 2 p 2 


t 


V 


3a 


3 


3co 


3oo 2 


-1 


— 10 


-co 2 


1 


CO 


co 2 


X + 


COX + 


co 2 x+ 


X — 


COX- 


2 

CO X — 










3 


3a, 2 


3w 


-1 


-co 2 


— CO 


1 


co 2 


CO 


x + 


co 2 x+ 


COX + 


X- 


CO X — 


COX- 










3 


3co 


3c 2 


-1 


— CO 


-co 2 


1 


CO 


co 2 


X — 


COX- 


C0 2 X — 


x + 


COX + 


co 2 x+ 








3" 


3 


3c 2 


3co 


-1 


-co 2 


— CO 


1 


co 2 


CO 


X — 


C0 2 X — 


COX- 


X + 


co 2 x+ 


COX+ 








6 W 


6 


Geo 


Geo 2 


2 


2to 


2co 2 











1 


CO 


co 2 


1 


CO 


co 2 








§t 


6 


Geo 2 


Geo 


2 


2co 2 


2co 











1 


co 2 


CO 


1 


co 2 


CO 








9 W 


9 


9co 


9uj 2 


1 


10 


CO 2 


1 


CO 


co 2 


-1 


— CO 


-co 2 


-1 


— CO 


-co 2 








9w 


9 


9co 2 


9co 


l 


co 2 


CO 


l 


co 2 


CO 


-1 


-co 2 


— CO 


-1 


— CO 


-co 2 










15 


15oj 


1<0U) 2 


-1 


— 10 


-co 2 


-1 


— CO 


-co 2 


























is: 


15 


15w 2 


15oj 


-1 


-co 2 


— CO 


-1 


-co 2 


— CO 




























r 


z 3 x r 8 


Zl2 


Zis 


ZlB 


Z§ 


z§ 


151 


i 


45 


90 


72 


72 


120 


120 



It remains to prove that this family of 3 x 3 matrices does not intersect our 
group r. To this end we note that | tr(u + uE\)\ = \2ui\ = \/2; a glance at 
Table 3 tells us that this cannot be the case for u G Y. It turns out that the 
same 2-parameter family of u's is the most general subset of SU(3) elements that 
transforms the two orbits among themselves: 

(6.45) uE 3 u* = E 3 uEiu* = uE 2 E 3 u* = E A E 3 = E 5 . 

This completes the proof that each of the two pairs of representatives in the last 
column of Table 5 belongs to a different T-orbit. We finally note that the sum 
of all |Og|(4.360 + 2.180 + 2.90 + 45) adds up, as it should, to (45) 2 = 2025. 
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Table 4. Characters of T 8 = T E „ c A 6 . 



\ cc 
IR \ 


1 


E 3 


Ei,E 2 


Ei,E 5 


9, 9 3 


lo 


1 


1 


1 


1 


1 


ll 


1 


1 


1 


-1 


-1 


12 


1 


1 


-1 


1 


-1 


Is 


1 


1 


-1 


-1 


1 


2 


2 


-2 













r 8 


r 8 


Z 2 x Z 2 


Z 2 x Z 2 


z 4 



Proposition 6.1. The charge conjugation matrix (4.27) for the 2ti(su(3)) r orb- 
ifold involves a non-trivial involution a — > a c for b € E , a £ T e- 

(6.46) C AoWo ^=W, o c = o-*®a E , a E = ^"(WW) 
w/iere = Z3 x Ts, a* = a (i.e., a(u)h) — a(h) for h e T_e), 

! /I 

(6.47) ft = 0{Ei) : ft = - 1 

2 \0 -2 

x /-2 0\ x (I 0' 

ft = 5 10, ft = - -2 I , 
Z \ 1/ Z \0 1 



/ -1 ±3w 0* 
ft == - ±3d> -1 
4 V 2, 



Proof. The statement is a straightforward consequence of (4.27) (Theorem 4.3e) 
and of the observation that ft = I3{E 3 ) — I3{E^ 1 ). The representation a is 
trivial on Z 3 (and hence, selfconjugate; see Table 4), since it has to agree with 
the representation A = of SU(3) on the small center. □ 

Remark 6.2. The appearance of a non-trivial conjugation depends on the choice 
of a representative in a class of equivalent quadruples. Had we chosen instead of 
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Table 5. Orbits of pairs (E,E') c E 

and their stabilizers (i = 1,2): 



CC of £'£ 



F (0) r- A 

E,E'E C A 6 



o. 



Representative pairs 



E' E — EE' G .£/ 
£"£ e q 

E'Eep n , n=l,2 
£"£" e * or F 



r 8 

Z 2 x Z 2 

{1} 
{1} 



45 



w 



o. 



90 
i = 1,2 



9 



= 180 , 



i= 1,2 



360 



360 



of = 0(E 6 ,E A ) 
Of>=0{Ei,E2) 



the involution clement £3 G _E a representative of a minimal phase like £ 
ui 2 E for which 

1 / 1 0\ _ ( 

(6.48) (3 3 := (3(u,E 3 ) = - I -1 I so that |/3 3 | 2 = - ( = -|/3 3 | 2 

then we would have dealt with complex representations since 

(6-49a) Xtsjr) = xt^Jr) with a 2 (h) = a(h)e^^ 

where A 2 is the fundamental weight of the "antiquark" representation 3* , 
(6.49b) 

2 I' 1 °\ - 

A 2 = - -1 =/3 3 -/3 3 , /i = e 2 ™, [a,A 2 ]=0(= [<*,&]). 

J \ 2/ 

The charge conjugation matrix in these new labels would assume its usual form 
with non-zero entry 



(6.50) 



Ca 2 6 CT2 ,a 2 *6-i CT2 « = 1 , beLu 2 E , b 1 ecoE . 
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Appendix A. Action of the center of a simply connected 
simple Lie group on the coroots and fundamental weights 

We shall display the action of Wj for the classical Lie algebras as well as for 
E 6 and E7 (the simply connected groups with Lie algebras G 2 , F4 and E$ have 
a trivial center). We let J — J U {0}, ao = a =1. 

Al. Simply laced algebras (aj = ai,a^ = dj). 

The center Zj + i of SU(7 + 1) acts on both the (co) roots and weights of 
via cyclic permutations: 

wi(a , ai, . . . , ai) = (ai, a 2 , • • • , ai.a ) , Wj = w{ 

(A.l) tDi(A ,Ai,...,A I ) = (Ai,A 2 ,...,Ai,Ao) , w[ +1 = 1 . 

Here A„ are the extended fundamental weights 
(A.2) A v = d + A v + n v K 

chosen to have equal norm squares: 

(A.3) \~ K ^ = 2Kv+ v A+1zA = 2kq . 

The set J consists of all indices 0,1, ... ,1. The element W\ is a Coxeter element of 
the finite Weyl group W{Ai) = Si + \. In terms of the elementary Weyl reflections 
Si it is written as: 

(A. 4) w\ = si . . . si => w\Aj = Aj — ct\ — ■ ■ ■ — (Xj . 

The center of the simply connected group Spin (21) with Lie algebra Di is 
Z 2 x Z 2 for I even and Z4 for I odd. To exhibit its action on roots and weights of 
it is convenient to use an orthonormal basis {e^} in the / dimensional root 
space of Di setting 

(A. 5) aj = e» — ej+i , i = 1, . . . , I - 1 , m = e ; _i + e ; , a = K - e\ - e 2 , 



1 ^ 

(A.6) A, = ^e s , A z _i=A ( -e ( , A = -^ ei . 

s=l i=l 
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The set J of indices [i for which a M = 1 consists of 4 elements: 0, 1,1 — 1,1. 
Writing again 

(A. 7a) A v = a v d + A v + n u K 

we restrict k v demanding that the norm squares of A M (ji e J) coincide: 

(A.7b) |A | 2 = 2n = |Ajf = 1 + 2/si = l - + 2/t;_i = l - + 2k ; . 

We shall first determine the finite part wi of wi defined by wiaa — wi{—&) = cti 
and hence (being a permutation of a M ,/i € J), w;o:i = aj-i- As a consequence 
of invariance of inner products we further deduce wiai = ai-i, i = 1, ... ,1 — 2; 
hence, in view of (A. 5), 

(A.8a) wia — -ei+i-i , i = 1, . . . ,1 - 1 ; 

Wiei is then determined from the condition that an element of W{D{) should 
involve an even number of reflections: 

(A.8b) w iei = -(-lj'ei 

As a result, we have wf — w\ for / odd, wf = 1 for / even; in both cases wf = 1; 
(A.9) wi(ei, e 2 , . . . , e;_i, e t ) = (-ei, e 2 , . . . , e;_i, -ej) 

The corresponding permutations of fundamental weights are 
(A.10) 

- - t t i f A y for / even 

WiAa = Ai , w;-iAi = A z _i , wiAi_ v = < ~ u = 0,l; 



A\- v for I odd 
wiA = Ai , wxAi = A ; _i , w\ = 1 , u);_i = wiw; . 

The center of the group E e is Z 3 . Choosing a basis of simple roots of E 6 in 
such a way that the highest root is 9 = a 2 + a 4 + 2(«i + a 3 + a 5 ) + 3a 6 we 
have J = {0,2,4}. The center acts on an arbitrary weight A according to the 
law WjA = kAj + WjA, j = 2, 4, where 
(A.lla) 

■W2{-0,ai,a2,as,a4,a5,ae) = (a 2 ,a 3 ,a 4 ,a 5 ,-8,a 1 ,a 6 ) , w\ = w 4 

(A.llb) w 2 A 2 = A 4 - A 2 = i(a 5 - a 3 + 2a 4 - 2a 2 ) => w 2 A 2 = A 4 , ty| = 1 . 

Here we have used the expressions for the fundamental weights in terms of simple 
roots: 

A 2 = a\ + ^(4a 2 + 5a 3 + 2a 4 + 4a 5 + 6a 6 ) , 

A 4 = ai + ^(2a 2 + 4a 3 + 4a 4 + 5a 5 + 6a e ) , MA 2 | 2 = |A 4 | 2 = -) 
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as well as the relations A„ = d + A„ + k v K with 

|A | 2 = |A 2 | 2 = |A 4 | 2 => 2k = ^ + 2k 2 = ^ + 2k 4 or k 2 = k 4 = k - | . 

The center of E? is Z 2 . Choosing a basis of simple roots of £7 such that the 
highest root is 9 = a 6 + 2(ai + a 5 + a-j) + 3(a 2 + a 4 ) + 4a 3 , we have J = {0, 6}. 
The non-trivial element of the center is = t^Ws where 

(A. 12a) W(j(-9, ai, a 2 , a 3 , a 4l a 5 , a 6 , a 7 ) = (a 6 , a 5 , 0*4, a 3 , a 2 ,a 1} -9, a 7 ) 

(A.12b) 

w e A e = -A 6 => u) 6 A 6 = A for A 6 = ai + 2a 2 + 3a 3 + 2a 5 + -(5a 4 + 3a 6 + 3a 7 ) . 

Here again A„ = d + A„ + K^if where |A 6 | 2 = 2k 6 + § = 2n . 

A2 Z 2 action on Bi and C;. 

The simple roots, the highest root and the fundamental weights of Bi can be 
written in an orthonormal basis {ei} as 

(A. 13) a t = e { - e i+1 , i = 1, . . . , Z — 1 , 

a; = ei , = ai + 2(a 2 H ha I ) = ei+e 2 

A, = ^ e s , i = l,...,l . 

8=1 

The center Z 2 of the simply connected group Spin (21 + 1) acts on (a = K—9, a{) 
and on (Ao, Aj) as wi = tiW\ where 

(A. 14a) wi(e 1 ,e 2 , . . . , ej) = (-ei, e 2 , . . . , ej) 

(A.14b) 

- (a \Ax)K for a e M , hA v = A v + (A^Ai for A v G M* ; 

thus 

t\WioiQ = ti(K + ai) = ai , widi = on = t\W\ai for i = 2, . . . , I , 
t\W\ao = t\{—6) = —9 + K = a ; 
titoiAo = tiA = A + Ai , 
iiu;i(Ao + Ai) = ti(A - Ai) = A - A a + A a = A 

The simple roots, the highest root and the fundamental weights for C\ are 
expressed as 

on = -^( e * ~ e *+i) ' « = 1, • • • i - 1 , 
i-i 



a; = V2ei , 9 = 2 ^ a t + a t = \f2e\ 



(A.14) A, = V2^e s , i=l,...,i-l, A i = ^=^ 

8=1 V 2 8=1 



= 1 

; 

V e., 
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The non-trivial element wi = tfWi of the center Z 2 of Sp(2l) acts on these 
orthonormal basis as 

(A. 16) wi(e 1 ,e 2 , e;_i, e ( ) = (-e ( , -e;_i, . . . , -e 2 , -ei) ; 

hence 

(A. 17a) w;(-0, "i, • • ■ ^ "0 = (aj, • • ■ , «i, , 

(A.17b) 

w ( A = Aj(= d + A ( + kiK) , w l K l = -A; w ; A ; = A 
(|A | 2 = 2 Ko = |A ; | 2 =2« ; + . 

Appendix B. Exceptional elements of a compact Lie group. 

Let G be a connected compact Lie group with a simple Lie algebra g of 
rank I, and let Ada denote the adjoint group. An element g £ G is called ad- 
exceptional if it cannot be written in the form g = exp 2-Kij3, where (3 <G ig is 
such that AdgX = x iff [/?, x] = for all Note that an element j £ G is 

Ad-exceptional iff it is ad-exceptional or its centralizcr in G is not connected. 
(Recall that in a simply connected G the centralizer of any element is connected.) 
In this Appendix we classify ad-exceptional elements of finite order of the group 
Ad G . 

The finite order inner automorphisms of the simple Lie algebra g belong to 
Ada and can be described as follows (see Theorem 8.6 and Proposition 8.6b 
of [Kl]). 

Proposition B.l. Each order N inner automorphism of g is conjugate to 

(B.l) Ad b(s) , b(s) = exp 2ni(3(s) , 

where 

(B-2) /3(*) = ^£ S A V 

and So, Sj,j = 1, . . . , I are relatively prime non-negative integers such that: 

I 

(B.3) s +y2ajSj = N . 

3 = 1 

V 

Here A • are the fundamental co-weights: 

(B.4) (ai|Aj) = [a] |Aj-) - % , i,j = l,...,l. 
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Proposition B.2. The centralizer of Adu s \ in q is generated by the E ±a " , 
v = 0, 1, . . . , I, for which s v = and by the Cartan subalgebra. 

According to Definition 4.1 an element b € T is exceptional if there is no (3 € g 
such that 



(B.5) b = e 2nip and r b 



■0 



As noted, G — U(l) has no exceptional elements. By contrast, for each partition 
of the positive integer n > 2 of the type 

(B.6) n = fcH h fc p , fc min = min(A;i, . . . , k p ) = 2 

there are exceptional elements of SU(n) conjugate to diagonal matrices with kj 
eigenvalues exp(27ri^j-), j = 1, . . . ,p, where the Vj are subject to the conditions: 
(i) (vi, . . . ,v p ,N) = 1 (i.e. these p + 1 integers have no common factor) and 
^ZjkjVj — kN with 1 < k < /c m i n - For n = 2,3 all such elements belong to 
the center Z n of SU(n). More generally, for any n, one can find an element 
(eZ„ such that g = b£ is non-exceptional. (In the above example it suffices to 
choose C = cxp(— 2ni^).) This agrees with the remark (of Sect. 4B) that SU(ra) 
contains no exceptional subgroups. 

Recall that an element b € G is Ad- exceptional if is exceptional for any 
choice of C G Z(G). The following theorem describes all finite order ad-excep- 
tional elements of Ada (for a simple g), and hence all finite order Ad-exceptional 
elements of a simply connected G. 

Proposition B.3. The finite order automorphism Adf,^ is ad- exceptional iff 
the marks a„ with s v > have a non-trivial common factor. 

Proof. It follows from Proposition B.2 that it suffices to study the commutator 
of (3(s) with E au for those v(~ 0, . . . , I) for which s^ = 0. 

This commutator is trivial for j = 1, . . . ,1 and sj = since Eqs. (B. 1-4) 
imply 

(B.7) [/?(*), - {a0{s))E^ , K-|/3(s)) = Sj = . 

Thus Adb can only be ad-exceptional if so — 0; in this case 



(B.8) \p{8),E°°] = \p{8),E- ] = (2L-l) 

This is still not sufficient to assert that Adb is ad-exceptional since /3(s) is not 
unique: we can add to it 
phism. That would give 



E a ° = —E a ° 



unique: we can add to it 5Z i=1 miA i for m, e Z without changing the automor 



( \ 

{s)+^m l Kl,E- B ]= - 1 - ^ anTH Er 

V s,#0 / 
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which can be made zero iff the a, in the sum have no common factor. □ 

Proposition B.3 shows that SU(7) has no AcZ-exceptional elements, whereas all 
other simple simply connected compact groups do. Examples of Ad-exceptional b 
are provided by the special elements with (3(s) — j^-A • for aj > 1, corresponding 
to s„ = (5^-. Such is, for instance, the diagonal symplectic matrix 



(B.9) 



61 = e 2 " Al = 



C 



/- 1 
















1 
















1 







V 










-1 












1 


0, 







1 







-1 
























€ Sp(4) - {g GSU (4)|* gCg = C} 



1 a v 1 

' Al = 2 A i = 2 



Z 1 



-1/ 



(= a! + -a 2 ) . 

(Ai is only stabilized by U(2) while the centralizer of bi in Sp(4) is SU(2) x 
SU(2)). 

If ri C SU 2 is the binary icosahedral group, then T =< b\, — 1 > xTi x T x C 
Sp{A) is clearly an exceptional subgroup containing the center of Sp(A). 

The simplest example of a non-special Ati-exceptional element is provided by 
the simply laced Lie algebra D 5 (corresponding to the simply connected group 
Spin (10)). If we label the nodes of the affine diagram so that a 2 = a 3 = 2 
(while a = a x = = a 5 = 1) then the non-special ^-exceptional element of 
Spin (10) correspond to f3 = j(A 2 + A 3 ). 

An example of an element of SO (3) = Adgu^) with a disconnected centralizer 
is provided by either of the diagonal matrices Ei , i = l,2,3of Eq. (6.36). Indeed, 
there is no Cartan subalgebra of SO (3) containing the infinitesimal generators 
of both Ei and E 2 - Note that the preimages of Ei in the simply connected 
double cover SU(2) of SO(3) do not commute (in fact, they anticommute) . This 
example extends to the n 3 element Heisenberg subgroup H n of SU(n) generated 
by the n x n matrices a and b satisfying 



(B.10) 



b n = 1 , ab = e 2 ^ n ba . 



Clearly, Ad a and Adb commute but their infinitesimal generators do not. This 
happens since Adgjj^ (unlike SU(n)) is not simply connected and the centralizer 
of either Ad a or Adb is disconnected. 
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